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ABSTRACT
The assumptions under which the standard Black-Scholes equation

has been derived are restrictive (e.g. liquid and frictionless mar-
kets). When illiquidity and market friction are introduced into the
market, financial models based on these assumptions fail. Nonlinear
equations for modelling illiquid markets have been solved numeri-
cally. Numerical techniques give approximate solutions. Recently,
Lie group symmetry analysis has been used to solve the same. Al-
though Lie group symmetry analysis is very useful in determining
all the solutions of a given nonlinear equation, it has been estab-
lished that any small perturbation of an equation disturbs the group
admitted by it. This in effect reduces the practical use of symme-
try group analysis. Our objective is to find an analytic solution of
a nonlinear Black-Scholes equation for modelling illiquid markets.
The methodology involved transformation of the nonlinear Bléck—
Scholes equation into a groundwater equation. This yields Ordinary
Differential Equations which have been solved. Using substitutions
and integration led to an analytic solution of the nonlinear Black-
Scholes equation. In a real market situation, this solution may help
in finding how typical prices of derivatives can be described hence

contributing significantly to the field of Financial Mathematics.
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Chapter 1

Introduction

thesis is outlined as follows: Chapter 1 is an introductory chapter.
ter 2 addresses literature that is relevant in modelling both liquid
nd illiquid markets. This includes the information on the physical phe-
ena which are connected to the study of nonlinear Partial Differential
tions (PDEs). Basic concepts are presented in Chapter 3. Theory
the linear and the nonlinear Black-Scholes option valuation models is
‘::i"} ussed in Chapter 4. Chapter 5 considers both linear and nonlinear
quations. The solufion of the Korteweg-de Vries equation is presented in
\ ‘tion 5. The main results and their discussion are presented in Chapter
These results are formulated in form of a theorem (Theorem 6.1.3).
general conclusions of this thesis and the recommendations for fur-

er research come after Chapter 6.
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‘Background Information

Mathematics is a collection of mathematical techniques applied
. An example of these applications is in asset pricing where
securities such as options are valued. Another application is in
‘and risk management. The two main modelling approaches used
‘_,a Mathematics are Partial Differential Equations, and Proba-

and Stochastic Processes.

dard Black-Scholes equation which gave rise to the field of Fi-
| Mathematics has been derived under restrictive assumptions such
id and frictionless markets. However, market liquidity has recently
an issue of high concern in managing risks. From literature,
been shown empirically and theoretically that large traders move
nderlying asset’s price. In addition, financial markets are markets
tion since transaction costs are incurred when a financial asset
ed. As a result, financial models based on the assumptions of fric-
and perfectly liqguid markets may fail when transaction costs are
uced into the market and when market liquidity vanishes from the

t.
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7‘!‘-‘ market model where the implementation of a dynamic hedging

oy affects the underlying asset’s price process.

study we built on the work of Cetin et al. [11] where a model for
opean options that takes into consideration illiquidities arising from
ction costs is formulated. Perfect hedging strategies here are char-

erized by a nonlinear Black-Scholes Partial Differential Equation.

nalytic solution to the nonlinear Black-Scholes equation via a soli-

y wave solution is currently unknown.

he purpose of this research was to solve analytically by direct integra-
!

n the nonlinear Black-Scholes equation arising from transaction costs
K

a er to have a better understanding of illiquid markets for derivative
. This was done by differentiating the equation twice with respect
spatial variable S. After substitutions and transformations, we
nonlinear groundwaterlequation that admits a solitary wave solu-

.
1. Assuming a traveling wave solution to the nonlinear groundwater
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ion reduced the nonlinear Black-Scholes equation to Ordinary Dif-
Equations (ODEs). The parameter “gamma” (i.e: puss) ends up
a solitafy wave solution since it decays to zero at large distances.
ined the solution to the nonlinear Black-Scholes equation via the

wave solution by integrating ugg twice with respect to the spatial

set of the data from the Nairobi Stock Exchange (NSE) for the
Electricity Generating Company (KenGen) and the Kenya Power
d Lighting Company (KPLC) for the periods between 2nd January

07 — 24th December 2007 and 3rd January 2003 — 2nd January 2004

and Patie [23], Frey and Polte [24], Frey and Stremme [25], Platen

Schweizer [46], Schonbucher and Wilmott [53], Papanicolaou and
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[44].
Statement of the Problem

ants of a nonlinear Black-Scholes Partial Differential Equation have
een solved numerically and by Lie group symmetry. Use of numer-
al techniques gives approximate solutions. Any small perturbation of
an equation using Lie group symmetry disturbs the group admitted by it
which in effect reduces the practical use of symmetry group analysis. If

 these problems have to be solved, then the equation has to be solved

‘The main objective of this study is to solve a nonlinear Black-Scholes

b artial Differential Equation analytically.
1.4 Research Methodology

~ In this study we consider European options only. The linear Black-Scholes
- Partial Differential Equation is utilized in developing a picture of its non-

~ linear version.

MASENO UNIVERSITY
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mlinear Black-Scholes equation resulting from transaction costs is
n into a nonlinear groundwater equation that ;dmits a soli-
solﬁtion. A wave solution is assumed before transforming the
ter equation into Ordinary Differential Equations. This led to

ytic solution of the nonlinear Black-Scholes equation by assuming

zed boundary conditions after the transformation.

Significance of the Study

1
_*l

n a real market situation, the analytic solution may help in finding
typical prices of financial derivatives can be described hence con-

ing significantly to the field of Financial Mathematics.

he solution is theoretic, it may give option hedgers guidance on

w to hedge risks on a real market situation.



Chapter 2

Literature Review

chapter we review the development of stock price modelling right

he time Brownian motion was first investigated up to the time the
ear Black-Scholes equations were derived and solved. We mention
f the studies that have so far been done on the nonlinear (illiquid

) models and their relevance together with their shortcomings.

his research is on Black-Scholes option valuation, most of the equa-
or modelling financial markets have been deferred until Chapter 4

they will be discussed in details.
Brownian Motion

vnian motion was first used by Scottish botanist Robert Brown to ob-
he irregular motion of pollen grains suspended in a liquid. Brown

f admitted to not having any scientific explanation for the observed
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. (see Brown (8]). It was further studied by Albert Einstein [16]
’4 '_instéin’s theory was based on the assumption (t-lvlat Brownian
exists. The definition of a P-Brownian motion process is
Jern statement of Einstein’s postulates (see Khoshnevisan [30]).
[1] discussed its theory in his thesis where he applied it to model
es. However, the Bachelier’s model allows the stock price to take
tive and negative values yet stock prices can only be positive.
further developed by Norbert Wiener in 1923. The validity of

assumption that Brownian motion process exists was proved

in 1923 (see Khoshnevisan [30]).

rototype for diffusion processes is Brownian motion or Wiener pro-

Feller [19]). The standard Wiener process can be used to model
burns. The.main problem with it is that its mean is zero. This
hat the growth rate of returns is zero whereas for instance a com-
tock normally grows at some rate - and from history the prices
pected to rise because of inflation (see Baxter and Rennie [3]). To

such growth rate of returns, we extend Brownian motion to a gen-

Brownian motion, i.e. Brownian motion with non-zero mean.
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cent work suggests that the process resulting from the generalized
‘motion applies rather to relative prices (i.e. stock returns) in
rkets (see for instance Black and Scholes [4], and Merton [39]).

metric Brownian motion process as was first introduced by

[51], the stock price S; is positive.

j:‘L Merton-Black-Scholes Model

rn application of Brownian motion to model financial markets
:etween late 1960s and early 1970s. Geometric Brownian motion
‘ by Black and Scholes [4], Merton [39], and Paul Samuel-
52] among others. In 1973, Black and Scholes [4] derived an
valuation model. This was extended by Robert Merton [39] the
ar to include dividends and then coined the term Black-Scholes

of option pricing (see Merton [39]). That is why the model is

nes called the Merton-Black-Scholes model. Black and Scholes [4],
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ffusion Processes and Stoc}}astic In-
egrals -

'h Brownian motion is continuous everywhere, it has been shown
VII of Paley et al. [43] that it is nowhere differentiable almost
The same theorem has also been proved by Khoshnevisan [30] (see

).13 in [30], pp. 168 and its proof on pp. 169).

s notion of nowhere differentiability, the ordinary rules of cal-
il in a stochastic environment. What becomes useful is stochastic

Iso called It6 calculus in honor of Kiyoshi Ité (see [15, 28]).

n processes are solutions to Stochastic Differential Equations (SDEs).
ma plays a very important role in stochastic calculus since it is

solving stochastic integrals.
- Standard Option Valuation Theory

s of linear Black-Scholes equation started in 1973 when Fischer
and Myron Scholes came up with an option valuation formula

nsidering a non-dividend-paying stock (see Black and Scholes [4]).
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of [4]). Since then, other risk parameters such as theta, gamma,

;;vega,, and rho have been computed from Black-Scholes formulae
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Nonlinear Black-Scholes Option Valua-
tion Theory ‘e

ack-Scholes formulae in the standard option valuation to de-
values rests on the assumption of frictionless and perfectly
ets. Owing to liquidity constraints, the trade of the underly-
duced by dynamic hedging can certainly affect market prices.
f market frictions and market illiquidity renders the standard
Juation models unrealistic (see Frey [22]) hence the need for use

ear Black-Scholes models.

ing philosophy that trading large‘ amounts moves the price of an
6 has been studied by Frey [21], Frey and Stremme [25], Papanicolaou
ar [44], Platen and Schweizer [46], Schénbucher and Wilmott [53].
E for Frey [21] is given by

= i+ 3027 (1+ 20520, ) 611

2y (£97 = v+ Soss + 84 (FPohas + F00) + (0975 baa)
(2.1)
ere ¢ = &(t, f) is a smooth function that solves equation (2.1), « is

martingale, f is the value of some fundamental state variable process

<i<T, p is market weight of the large trader, ¥ = (¢, F}, «) is the dis-
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ck price at time ¢, ¥, = 29, ¥y = 6%1/;, ¢ =20, 5 = %4),

M v 9 52 52 2
wt = m’/’» ’(pff = a_f21/)7 '(/Jaf = W"/}a d}aa = (;9?1/}

n strategy used by Frey and Stremme [25], and Papanicolaou

[44] is of the form a = p¢(t,S) for a shares and for the smooth

g numerical techniques, Platen and Schweizer [46] quantitatively
itiated the idea that feedback effects resulting from hedging strate-
an induce option price distortions. Sergeeva [54] has solved the

on that was derived in [46] using Lie group symmetry.

"»v'cher and Wilmott [53] analysed the influence of dynamic trading
s on the prices in financial markets. The nonlinecar effect aﬁd the
k arising from prices in the trading strategy f(S,t) are analysed.
: PDE for an option replication strategy is derived and this
: given by

p + rSps + 3 X’pss —rp =0,

(S,t) is the put option price, r is the continuously compounded



f
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,'- o o) _ 0 . 82
ee interest rate, p; = &, Ps = 35, Pss =

757, and the volatility is

<

]

aw X(S;Wit)
B (SWi)+2F(St)]
3SX( s W, )+asf( 7)

A(S,t) = —

e x is the excess demand in the market and W is Brownian motion.

ck price in the models in [21, 25, 44, 46, 53] responds instanta-
ly to the amount of stock a single large trader holds. These models
rice impact effects. In these models, the price impact effect would
price dynamics to be history-dependent and also to be dependent
e past trading decisions of agents. These price impact models are
le as models of illiquidity since if the action of an agent affects the
gically the actions of all agents affect the price and the resulting
of the inter-related behaviour of the many agents participating in

ket becomes impossibly cumbersome (see Rogers and Singh [49)).

fusion model for stock price dynamics whose coefficients depend on
vestor’s trading strategy is considered by Cuoco and Cvitani¢ [14].
model the feedback is rather indirect since only the drift and

lity coefficients depend on the trading strategy of the large investor.
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on costs caused by illiquidity in a continuous-time model are
y Bank and Baum [2] and further studied by Cetin et al. [11]

inates the path dependency condition in their structure which
.';!f.a: r'pulation of the market and allows use o_f classical arbitrage
"'ory. The market dependency condition is that under market
ation, the price process of the security can depend on the in-

 current trade and the entire history of their past trades. The

of Cetin et al. [11] avoids market impact costs.

an individual sells (or buys) huge quantities of shares this pushes
down (or up) due to the high (or low) volumes/supply. The

nce in price between the original and the new price is called impact

aches in [2] and [11, 12] is that in Cetin et al. [11, 12] the price effect of
srder ends the very moment the order is placed in the market while in
ik and Baum [2] the effect of the order will extend into the next order

ce making prices of the asset follow a possibly different dynamics.

MASENO UNIVERSITY
*5.G. S. LIBRARY
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X <

ework used by Cetin et al. [11] is a continuous-time trading
le Cetin et al. [12] investigates valuing of derivatives through
f:n trading strategies with the assumption that the underlying

f;i'w perfectly liquid.

price dynamics are studied by Frey [22]. A model where implemen-
t a hedging strategy affects the price process of the underlying
is considered. The price process is driven by a Brownian motion
a representative agent’s strategy of hedging derivatives. Using
strategy of a large trader leads to a nonlinear Black-Scholes
ion. Numerical simulations of the equation are done in [22]. The

s equation is solved using Lie group symmetry in [5, 6].

-
LS

analysis of Frey [22] is implemented by Frey and Patie [23] where an
ive simulation study is carried out to have a better understanding
 the implications of market illiquidity for derivative asset analysis. The

on that was studied by Frey and Patie [23] is modified through
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i

liquidity profile A(S) to give

<

E Stugs =0, u(Sr,T)=h(Sr), Sr>0, (22)

is a liquidity parameter, u; = %, Ugg = g—?&, and h(Sr) is the

he terminal value claim.

2.2) has been solved numerically (see [23]). The same equation

0 been solved through Lie group symmetry by Bordag and Frey [6].

ling using numerical methods and Lie group symmetry analysis has
m disadvantages. Numerical techniques give approximate solutions.
Lie group symmetry analysis is very useful in determining all
ions of a given nonlinear equation, it has been established that
1 perturbation of an equation disturbs the group admitted by it

effect reduces the practical use of symmetry group analysis (see

ati [41]).
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P hySical Phenomena Connected to Non-
linear Partial Differential Equations

onlinear PDEs which arise in physical applications are practical
|

is leads to physically meaningful solutions. The study of nonlinear
has shown that solitons are essential physical phenomena which

nnected with nonlinear equations.

5

wave solution represents a localized wave travelling with un-
: hape. In 1834, John Scott Russell, a British engineer, observed
. He recounts how such a solitary wave was generated by the
}'motion of a large barge along an Edinburg canal and then chasing

) horseback for several miles (see [34, 57]). Much later, the proper

ar surface wave model given by
U + 6uuy + Ugrz =0 in R Xx (0, 00), (2.3)

(t,z) is the speed of the traveling wave of permanent form, u, =

i — %, was written down by Korteweg and deVries. This

del is valid for a one-way wave in shallow water. Zabusky and Kruskal
ous after some time and rederived the Korteweg-de Vries equation

1V) (2.3) as a continuum limit of a model of nonlinear mass-spring
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were studied by Fermi et al. [20] and also d'}scovered that
1 solutions to the Korteweg-de Vries equation ha;lz remarkable
z(seer Zabusky and Kruskal [62]). It is for this reason that these
avé been given a special name- soliton, a word that first ap-
Zabusky and Kruskal [62] who called solitary waves solitons

“ending ‘on’ is a Greek word for particle (see Munteanu and

1 [40], pp. 82).

BT

er none of the nonlinear Black-Scholes equations discussed in Sec-
ever been solved using direct integration although some non-
equ ations have been solved using this method. An example of these
is the Korteweg-de Vries equation (2.3) that has been solved

tically via direct integration to obtain a solitary wave solution.



Chapter 3

Basic Concepts

s [4] to get the Black-Scholes Partial Differential Equation which

d to give Black-Scholes formulae. The formulae are widely used

ntaneous jumps are made by the value (see Baxter and Rennie [3]).

20
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’ayér spacing is 1/n.

P
e up and down jumps are equal and of size 1/4/n.

he measure P resulting from the up and down probabilities every-
here equals to 1/2.

Random Walk

Time t

Figure 3.1: The steps of a random walk W,,.
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that, if X;, X,,... is a sequence of independent binomial
taking values £1 with equal probability, then, at the

ue of W, is defined by

)=Wa(5) + 3 forall i>1

: ;1.1 (Central Limit Theorem) Let the random variables
-, X, form a random sample whose size is n from a probability

ion with mean and standard deviation j1 and o respectively. Then

lim Pr (@ < x) = N(z),

n—o0

is the cumulative distribution function of x and Pr denotes

3.1.2 Let X be a random variable and = € R. If X is contin-

it has the probability density function f : R — [0, 00) which
T yZ

W(z)=Pr(X <z)= \/%—ﬂ/ e 2dy. (3.1)

ction N(z) denotes the probability that the value of a standard-

nal variable X is less than or equal to z. This function is repre-
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¥

 Figure 1o,

Figure 3.2: A normal distribution curve.

& central limit theorem, the limit of these binomial distributions is
s n gets larger, the distribution of W, (1) tends to the standardized

al distribution, i.e. lim, ,o W, (1) ~ N(0,1). In fact

the central limit theorem, the distribution of the ratio in brackets tends
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dized normal random variable. This means that the distribu-

" ends to a normal distribution, i.e. limn_*ooWn(tv) ~ N(0,1).

imit as n — oo, the distribution of the random walk W,,(t)
rds Brownian motion W, (see Baxter and Rennie [3]).
Martingale

n 3.1.3 A martingale is a stochastic process X = {X;}2, such

',;j’r onditional expected value is always finite and that
E(X11| X, -+, X1) =X, forall t.

X is a submartingale if
E(Xe1| X, -+, X1) > X, forall ¢

aid to be a supermartingale if

]E(Xt-l-llXt)"' ,Xl) S Xt for all .
i
rocess X is a martingale if it is both a super- and a submartingale;

omes a semimartingale if it can be written as X; = Y; + Z; where
{Y:}:2, is a martingale and the process {Z;};, is a bounded-

‘; process; i.e., Zy = U, — Ut where U; < Uy < --- and
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':"ﬁare integrable adapted processes.
[arkov Process

yrocess is a process whereby the distribution of its future values,
n its past and present values, depends only on the present

e past value.

f t that W, — W, is independent of W, where s is a time
»:get
E(W,|W,) = E(W, — W,|W;) + E(W,|W;)

=E(W, — W) + W,

) ,"é'vy process if it possesses the following properties.

: paths of the process X are P-a.s. right-continuous with left

1 Y]
ASENC UNIVERSIT
) 5.G. &, LIBRARY
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s <t, X; — X, is independent of {X, : 7 < s}, where 7 is

time variable.

m 3.1.6 (Lévy, one dimension) . Let the process X = {X; :t > 0}
.gale. Assume that Xy = 0, X; has continuous paths, and the

variation (X )t =t for allt > 0. Then X, is a Brownian motion.

tion 3.1.7 Suppose that X is a stochastic process with time ¢ €

me T > 0. If P is a partition of the time interval [0, 7] such

P={0=t<t; <---<tn=T},
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A stochastic process W = {W,,t > 0} is a P-Brownian

<

a continuous random path with probability one,

0} has stationary independent increments. This means
any 0 < s < t, W, — W, is independent of {W,},. .,
g of s as the current time, this condition says that “given
e of W at the present time, the future value is independent

ast value.” We call this property the Markov property.

» normally distributed with mean zero and variance ¢ under P,

W; ~ N(0,1).

1 for the process W, we often call this process Brownian mo-
ner process. The growth rate of returns in a Wiener process
Wt has zero mean. Hence, we(have to extend it to Brownian
th non-zero mean (drift or trend) by adding the drift artificially
ock price process S; (see Baxter and Rennie [3]). The exten-

Is the dynamics of the prices in a steady market (Onyango [42]).
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St = [J,t + UWg, (3.2)

here W; = v/t and ¢ is a Brownian motion process with mean zero and
ariance one, i.e. € ~ N(0,1). Hence, during the time-step dt we get the
E

":om equation (3.2). The process represented in equation (3.3) is referred
‘to as Bachelier or Arithmetic Brownian motion and it assumes that the
=‘st0ck price S; follows a stochastic process (see Onyango [42]). Using
‘the model (3.3), stoék prices can take positive or negative values (see

- Figure 3.3) though stock prices cannot be negative.
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e _——— As;eu Brownian Motion Sample § aths I
A F \
200 || —— Asseld /\jl‘ —

o L — A e

8tock price 8;
8
zi

T

 pssel / ‘/\\/’

Figure 3.3: Possible realizations of Brownian motions.

son’s Model

~ defined by

Y, =X

_ eut+aWL

geometric Brownian motion (see Samuelson [52]).

120

.: 3.2 Geometric Brownian Motion or Samuel-

If Brownian motion is given by {X;,¢ > 0}, we call the process {Y;,t > 0}

(3.4)

a geometric Brownian motion or Samuelson’s model. We also refer to this

type of a stochastic process as a geometric Wiener process, or economic
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To obtain the stock price model under a geometric Brownian motion
ir’ocess, let

ds,

A (35)

t

_?fThen, from equations (3.4) and (3.5) we get

d?b:‘ = pdt + odW,. (3.6)

‘ Equation (3.6) is called a generalized Wiener process. The process as-
~ sumes that stock price returns dS—S: follow a stochastic process. Since S;
is the price of a stock at time ¢, then %‘5;—' is the rate of return on the

asset over the next instant and its solution on integrating both sides of

equation (3.6) is given by

St

¢
In (—) = pt + 0/ dW,, Sy >0, (3.7
So 0

where Sy is the initial stock price.



‘ a.rranging equation (3.7) gives the stock price as
S, = SpetttolodWs 5 0, Sy > 0. (3.8)

n (3.8) shows that the stock price S; is positive at all time ¢
o > 0. Since stock prices can never take negative values as seen in

re 3.4, this makes geometric Brownian motion important in modelling
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‘tegrals

ugh the Wiener process W, is continuous everywhere, it is (with

ability one) differentiable nowhere (see for instance [3, 43]). Standard
‘used in calculus are therefore inapplicable in a stochastic environ-
t since the Wiener process W; is nowhere differentiable. We therefore

eralize the approach of Section 3.2 for us to be able to solve SDEs.

~ stochastic calculus.

- Lemma 3.3.1 (Ito’s Lemma) Suppose that the random variable Sy is

described by the Ito process

dS, = v(S,, t)dt + A(S,, t)dW;, (3.9)



R 3. BASIC CONCEPTS 33

V; is a normal random variable. Suppose the random variable
(

4,t). Then h is described by the following Ito process

2 the hedge ratio ug = 5%.

re we prove the Ito process for h given in equation (3.10) we need to

e Taylor expansion.

ion 3.3.2 Taylor expansion is an expression of the value of a
on f near x in terms of the value of f and its derivatives at z and

en by
f(x+h)=f(z)+hf'(z)+ %h2f"(x) + %h3f'”(x) +oe

Proof 3.3.3 (It6’s Lemma) Taylor series expansion of u(Sy;a¢, t + At)

round (S;, t) results in
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(

4 AL = u(Ss, £) + ws (S, )AL+ us(Sy, £)(Sirac — S)
+ Zuw(S;, t)(At)* + 5uss(Se,t)(Serar — Sp)?

+ %uSt(Sh t)At(SH_At - St) + O ((At)Z) (St+At — St)

Uy = i?;t—;‘, and ug; = ;:—alg. We need the informal rules
dt-dt=0, dt-dW =0, dW.dW =dt (3.11)

educe the Taylor series expansion above further.

ing the limit At — 0 and then applying the informal rules in (3.11)

fto the Taylor series expansion above yields
dh = udt + ugdS; + %USsttz (312)

~ since h = u. Since S; is an Itd process, it follows from (3.9) and (3.11)

+ 2 ((At)(St+At - St)2) +0 ((St-H-\t - St)g) +O0(At) + - -
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(v(Sy, t)dt + A(Sy, t)dW,)?
= (v(S, 1))2(dt)? + 20(Sy, )A(Sy, t)dtdW, + (A(Sy, t))* dw2 (3.13)

= (A(S, 1)t

n substituting (3.9) and (3.13) into (3.12) gives

dh = w,dt + ug (U(Si, t)dt + N(Si, t)dW,) + Juss (M(S,, 1)) dt

= (ug + v(Si, tyus + L (A(Si, 1)) uss) dt + A(S,, t)usdW,.

ation (3.9) is a SDE for the process S;. It is a generalized diffusion
Zt(“)) process (see [15, 28, 42]). This SDE for the process S; is called a

diffusion process. Its integration gives

t t
S, = So+ / oilr, B / A(r, S,)dW,. (3.14)
0 0 .

~ The last integral in equation (3.14) is called a stochastic (Ito) integral.

~ We now use It6’s lemma to solve equation (3.6) as follows.
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(

u(S,t) =InS, v(S,t)=pS and A(S,t)=0S.

us = -;—., uss = —% and Uy = 0.

Vituting these expressions into equation (3.10) gives

dh = (p— 30®)dL + odW,.

fore, applying Ito calculus gives the geometric Brownian motion

rocess in equation (3.6) under the transformation u = InS as

_ dS:
du = S,

(3.15)
= (p— 30%)dt + odW,.

-‘;QUation (3.15) is integrable using It calculus. Integrating both sides of

the last equality of this equation gives the solution to equation (3.6) as

1
S, = ST MW g 5,
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Arbitrage-Free Pricing

it
and economics, the practice of taking advantage of differences

of an asset between two or more markets is called arbitrage.
t is the difference in the market prices. An individual engaging

is called an arbitrageur. The term arbitrage is commonly

prices do not allow for profitable arbitrage, they are said to

te arbitrage-free market or an arbitrage equilibrium.

ossibilities can arise when any of the following is true.

assets with equal cash flows are not marketed at the same price.
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t markets tend to converge to the same prié@ due to the

e [37].

Consider a discrete-time financial-market model with
ny possible random outcomes. If there exists a martingale
positive probabilities, then the market is arbitrage-free.
he market is arbitrage-free, then there exists a martingale

positive probabilities (see Theorem 6.2 of [15]).

sental theorem of finance/arbitrage (see Theorem 3.3.4) in a
relates arbitrage opportunities with risk-neutral measures

U the original probability measures.

ntal theorem of arbitrage free pricing in a finite state market

oken down into two parts which state that (see Harrison and

re is no arbitrage if and only if a risk-neutral measure equivalent

the original probability measure exists, and

market is complete if and only if there is a unique risk-neutral

easure equivalent to the original probability measure.
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al theorem of pricing is therefore a way of converting the

itrage to a question about whether a risk-neutral measure



Chapter 4

tk—Scholes Option Pricing

Theory

ter Black-Scholes option pricing will be broken down into stan-

valuation and modified option valuation. We will discuss the

cial instruments can be divided into basic securities and their ‘deriva-

. Basic securities are further subdivided into fired income (ie.

Is, bank accounts, etc), and equities (i.e. stocks). Derivatives are

40
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ided into options (i.e. calls, puts and exotic options), swaps, fu-

s and forwards (see Cvitanié¢ and Zapatero [15]).

rivatives are contracts which depend on a fundamental asset, i.e. a
security. In the absence of the security there could be no future
. The random nature of the underlying security filters through to

e ‘derivatives’ (see Baxter and Rennie [3]). Derivative contracts are also

]hxing the price of a future transaction now or they can magnify it.

,‘e results of the linear Black-Scholes equaﬁon which gave rise to the
field of Financial Mathematics were obtained by considering an option
maturing at time 7" for a non-dividend-paying stock. In this classical (or
‘v-'a'ndard option valuation) theory, there is nb change in the price of a
curity for any order size, i.e. the trader does not move the market. In
addition the price process of a security is independent of the past. This
illeans that an investor’s trading strategy has a temporary impact on the

price process.

" A call (put) option is a contract where at a prescribed time in future,
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Wi s the expiry date T, the holder of the option may buy (sell) a
scribed asset known as the underlying asset for a prescri‘(bved amount
as the ezercise/strike price K. The opposite party has the obli-
n to sell (buy) the asset if the holder chooses to buy (sell) it. An
n’s value is therefore a function of various parameters in the contract,
as the time to expiry T and strike price K. It also depends on the
's properties such as its drift x and volatility o, its current market
E"ce S; and time ¢, and the continuously compounded risk-free interest

rate r. The option’s value can therefore be written as u(Sy, t; o, u; K, T; 7).

The following assumptions are used for modelling the financial market

“described above.

Assumption 4.1.1

1. The price S; of an underlying asset (i.e. stock) follows a geometric
Brownian motion. The stock volatility o and the drift i are constant

for 0 <t < T and are known in advance.
2. The risk-free interest rate r is a known constant for 0 < ¢ < T.
3. No dividends are paid in the period 0 <t < T.

4. The option is of European type.
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ransaction costs (including taxes) are incurred in buying or

u either the stock or the option.

T'he price of the underlying security is divisible so that any fraction

of the share of the security can be traded at the risk-free interest

eans that any asset and any derivative can be hedged or replicated with

Tortfolio of other assets in the market.

Lie

1.1.1 Linear Black-Scholes Model

1‘ first assumption in Assumption 4.1.1 above means that
dSt = ll/Stdt + UStth, B> 0, o> 0. (41)

'_",I‘he SDE (4.1) is called the Black-Scholes model.
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Linear Black-Scholes Partial Differential Equa-

<

tion

w let II, be a portfolio’s value of one long option position [i.e.
and a short position in some quantity A, delta, of the underlying
. Hence,

T, = u(S, t) — AS. (4.2)

m Ito’s lemma we have

XSy, t)dW, = dS, — v(S,, t)dt.

tituting this expression into (3.10) gives

du = (u; + 10°SPugs)dt + usdS (4.3)
ce A(S,t) = 0S. Hence, the portfolio changes by

dIl, = (u, + 20°SPugs)dt + (ug — A)dS (4.4)

'? A is constant during the time-step dt. The right hand side of equa-

j ion (4.4) is the sum of the deterministic and random terms, i.e. the terms



nd dS respectively.

sk in our portfolio is the random terms. We can reduce or even
te the risk by carefully choosing A. This is done by delta hedging.

1 delta hedge by choosing

A =i, (4.5)
s %eaves us with a portfolio whose value changes by the amount

dll, = (us + 20°SPugs)dt. (4.6)

'he change in equation (4.6) is completely riskless as the equation does
not have random components. The security II, in equation (4.6) is there-

fore said to be “risk-free” as its dynamics do not have stochastic compo-

nents after delta hedging. This means that

dHt = T'tht, HO = 1. (47)

MASENO UMIVERSITY
.S.G. 5. LIBRARY
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. ating equation (4.7) and simplifying gives

Ht — ert

II; = u — Sus.

Then, plug into the right hand side of equation (4.7) to get
dll; = r(u — Sug)dt, Iy =1. (4.8)
- Equating the right hand side of equations (4.6) and (4.8) we get

(ug + %UzszuSs)dt = r(u — Sug)dt.
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rough by dt and rearrange to get
Uy + 10°S*ugs +rSus—ru=0 in Rx[0,7]. (4.9)

 is the famous linear Black-Scholes Partial Differential Equation.

13

.3 Black-Scholes Option Pricing Formulae

‘-ecify the values of a derivative at the boundaries where possible
,,f" of the stock price S; and time t lie, we use boundary conditions.
or a European call option whose price at time ¢ is ¢, = ¢(t,S,), the
0 ndary conditions are

RC(:,0) =0for 0<t<T,

2. ¢(t,S;) ~ S — Ke T~ a5 S, — o0,

‘where T — ¢ is time to maturity. The payoff function for a call option is

given by the terminal condition

C(T, ST) = (ST — K)+ = maXx {ST — K, 0} for 0 < ST (410)



on has to be understood as

c(t,St) =1

lim g~ =

St—00

"iformly for0<t<T.

At maturity the expected value of the payoff function is Eg(max {Sr — K,0})
;where Q is the martingale measure for the discounted stock whose value
_.at time ¢ is given by

'l/)t = e“TtSt. (411)

At time ¢ = T, using (4.10) and (4.11) gives the call option price as

Gy = é”IEQ(e_TTcT|St)
— e_r(T_t)EQ(CT|St) (412)

=T YEq ((Sr— K)T), 0<(<T,

where cr = (Sr — K)* is the terminal claim (see Figure 4.1).

Equation (4.12) tells us that at time ¢ = 0,

cp = e_TT]EQ ((ST — K)+) , 0<LT. (4.13)
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Equation (4.13) gives the value of the replicating strategy at time ¢t = 0.
,' he value (St — K)* depends only on the stock price at expiry time 7.
This means that we need only to find the marginal distribution of Sy

;-under Q in order to find the expectation of the terminal claim cyp.

Terminal Payoff: Call Option

Profit at maturity
:
§
&
s
(3]
K
- Preminm Striking Stock Price s;
price
Asset Price

Figure 4.1: Call option terminal payoft.

To do that, we look at the process S; that is written in terms of a

Q-Brownian motion.
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W, = W, + L=kt i (4.14)

e W, is a P-Brownian motion (see Definition 3.1.8). By Lévy’s the-
see Theorem 3.16 in Karatzas and Shreve [29], pp. 157), W, is a

rownian motion. Rearrange equation (4.14) and substitute into (4.1)

dS, = rSydt + ¢S, dW,, >0, o >0. (4.15)

1 2
8, = Sy 27 NtoWe (4.16)

it time ¢ = 7', equation (4.16) becomes

1l =
St = Spel=37 ) T+oWr, (4.17)

Therefore, the marginal distribution for Sy is Sy times the exponential of

anormal probability density function with mean (r — %02)T and variance
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e 3.2 the total area under the curve is 1 since this is a standard
mal distribution. Since N (z) = Pr(X < z), this means that N(z) is
ented by the area under the curve excluding the unshaded area on

e upper tail of the distribution, i.e. §. Hence,

N(z)=1-3. (4.18)

N

The normal distribution is symmetric about the mean zero and hence the

two unshaded areas on the lower and upper tails are equal.

_i Definition 3.1.2, the function

N(-z) = Pr(X < -x)

:;represents the unshaded area on the lower tail. Hence,

N(-z)=$%. (4.19)
~ From equations (4.18) and (4.19) we get

N(z)+ N(-z)=1.
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N(—z)=1- N(x). ' (4.20)

w calculate cy, the value of the replicating strategy at time t = 0

Y ~ N (=30*(T - t),6*(T - 1)) .. (4.21)
ime ¢ = 0 equation (4.21) gives a distribution of the form

Z ~ N(-1o°T, 02T). (4.22)
equations (4.17) and (4.22) we get

Sp = Sy’ TH.

hus, the value of the claim ¢ in equation (4.13) can be written as

co=e"TEq ((Se"* - K)*), 0<T, (4.23)



e
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re z € R is drawn from the continuous random variable Z and S is

<

e value of the stock.

om the boundary condition ¢(¢,0) = 0 in Subsection 4.1.3 the terminal
ondition in (4.23) gives

(SerT+z _ K)+ =0.

Therefore, if we use

SeT+ _ K =0, (4.24)

the equation (4.24) simplifies to give

z=1In (%) —7rT.

- We will now take the limit z in equation (3.1) to be z = In(K/S) —rT

when computing the replicating strategy at time ¢ = 0 (i.e ¢p).

The value of the payoff function in equation (4.23) can now be written as

Se™* — K if Sr> K,
(Sp — K)* = (ST — K)* = ‘ g (4.25)
0 if Sr<K.
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When Sp > K the call option is exercised and when Sr < K the call

;tion is not exercised. Using equations (4.23) and (4.25) gives co as

2
+o0 y+l<72T)
SR A rT+y = 1
cp=e /_Oo (Se K) Norrte 22T dy
2
z y+%azT)
—rT 1 =
b 22T
8 /_ N\ e > dy
(4.26)
1 2m\?
[T o e 1 oy
— rT+y _ 502T
¥ /z (Se ) e o dy
2
+00 y+%v2T)
— =17 rT+y _ 1
e /z (Se Ve T dy.
yio?T \
_2_0\/7 = i (4.27)

Then, the lower limit of the last integral of equation (4.26) changes from
z=1In(K/S) —rT to

o In(K/S)~(r— 52T | (4.28)

= —

since z is a limit of y in equation (4.26). From (4.27) we get dy = ov/Tdx.

Plugging the new limit and variables to equation (4.26) gives ¢g as follows:
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S
‘e

2

o (r—202)T+0V/T 1 -E
—r T—50 oVTx _z
@ /a Se 2 - K) Ee 2 dx

: 2T +o00 i T 22 - £ ; 22
Se_T/ —e?V' T 2dr — Ke™™ |i1 —/ —e_7da:]
3 V2r Vor

—00

; 2T +o00 42
ESe 2 / L gtV Te~Fdy — K™l — N(e)]

J o2T +o0 e
e 2 / L VT T gy — Ke"TN(—¢)

(4.29)

equations (3.1) and (4.20). Completing the squares and simplifying

ation (4.29) we have

+o0 !z—aﬁ)"’
=35 \/%—ﬂe_ 2 dr— Ke TN(—¢). (4.30)

&

plify equation (4.30) further, let

r—oVT =w.

dr = dw.
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wer limit of equation (4.30) changes from ¢ to € — o/T due to the

—=e
-,
l e—aVT . 2 ] .
=) 1—/ ——c¢ 2dw| — Ke " N(—¢
s WEm (4.31)

= [1 — N(e - a\/T)] — Ke7"N(-¢)

= SN(—e 4 oVT) — Ke " N(—¢)

equations (3.1) and (4.20). Substituting equation (4.28) into (4.31)

1 1
In(S/K)+(r+502)T T In(S/K)+(r—=02)T
) 2 _ 2
co—SN( g, ) KeTN( oy )

¢ = SN(dy) — Ke " TN (dy), (4.32)

_ In(S/K)+(r+302)(T—1)
- oT-t

dy (4.33)
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_ In(S/K)+(r—30%)(T—1)
- o/T—t :

da

o (4.39)

ciprocally, for a put option whose value at time ¢ is p(t, S;), the terminal

’ition is given by
p(T, ST) = (K - ST)+ = max {K o ST,O} for 0 _<_ ST

s the option can only be exercised if K > Sp. The terminal claim

K — S7)" is shown in Figure 4.2 below. Its boundary conditions are

1 p(t,0) = Ke T for 0< t < T,

- 2.p(t,S;) = 0 as Sy — oo.

e value of a put option can be found as we did for the call option or

y using put-call parity. The put-call parity is the result that relates the

@riees of the European call and put options and is given by
c(t,S) + Ke Tt = p(t,8) + S. (4.35)

- Equation (4.35) means that the sum of the call price c(¢,S) and the

- present value of K currency units (such as dollars) in the bank equals to
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fﬁe sum of the put price p(t,S) and the stock price S (see Cvitanié¢ and
E ¢

%Zapatero [15]). When we substitute equation (4.32) into (4:35) and then

irearrange, we get
p(t,S) = Ke " TN (=dy) — SN(—d) (4.36)
- using equation (4.20), where dy and dy are as defined in equations (4.33)

- and (4.34) respectively.

Terminal Payoff: Put Option

Value [ profit at matnrity
% L
E‘ Valne
§ <
2
o
H Profit

K Preminm
Striking
prce - Stock Price sy
Asset Price

Figure 4.2: Put option terminal payoff.
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4.1.4 The Greeks
When a financial institution sells an option, the only problem it is facing

i that of hedging risks (see Hull [28]). The Greeks or risk parameters are

used to address this problem.

- We can use the following fact to simplify the option Greeks for linear

- option valuation theory:
SN'(dy) — Ke ™ T=9N'(dy) = 0. (4.37)

This can be proved by considering the relation

In (K—%(‘{A}m) =In(S/K)+ (T —t) +In (%ﬁﬁ;i) (4.38)

and the definition of the cumulative distribution function given in equa-

tion (3.1).

From equation (3.1), we get

N'(dy) = e, o (4.39)



e
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N'(dy) &2 < (4.40)

Il

g

2w

In (Nl(d1)> _ In [ QLvERer
Nl(dz) (I/M)e-—dz/Q

(4.41)

= —3(df - d3).

Using equations (4.33) and (4.34), we can write
d? — d5 = 2In(S/K) + 2r(T — t). (4.42)

_iTherefore, from equations (4.41) and (4.42) we get

In (}48) = ~In(S/K) - (T - 1).

- Plugging the last expression into equation (4.38) proves the relation

SN'(d1) _
= (?T}W) =0,

which is equivalent to (4.37). -
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Similarly,

SN'(—d;) — KeT"T-9N'(—dy) = 0. ~ (4.43)

- We now use equations (4.37) and (4.43) to simplify the options Greeks as

follows.

Theta

The rate at which the price of the option changes with time with all else
remaining the same is called theta and it is denoted by ©. It is sometimes
referred to as the time decay of the option. The name ‘time decay’ is used
since theta measures the rate at which the option value changes with time
if the asset price doesn’t move (see Wilmott [61]). Hence, the theta of
a call option is obtained by differentiating both sides of equation (4.32)

with respect to t as follows:

Ocall = %Cf
= 2 [SN(d1) — Ke™TIN(dy)]

= -0 _ rKe T ON(dy)
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by using equations (4.33) and (4.34) and then applying equation (4.37).

For a put option, we differentiate both sides of equation (4.36) with re-

spect to t to get theta as follows:

€")put: = %g
= % (Ke—r(’l'_t)N(_d2) _ SN(—dl))

aSQN( d1)+TK6 r(T— t)N( d2)

by using equations (4.33) and (4.34) and then applying equation (4.43).

Delta

The delta, A, of an option is the sensitivity of the option to the underlying
asset’s price S. It is the rate at which the option value changes with
respect to the asset’s price and is therefore the first derivative of the
value of the option with respect to the asset price. It is the slope of the
curve which relates the price of the option to the price of the underlying

asset. Hence, to get the delta for a call option we differentiate both sides
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hd

of equation (4.32) with respect to S to get

9
Aca.ll = a_cé

(4.44)
= N(d1)

on applying equations (4.33), (4.34), and (4.37).

For a put option, we differentiate both sides of equation (4.36) with re-

- spect to S as follows:

Apu1; = g_g
=4 (Ke—r(T—t)N(—dz) — SN(—d1)) (4.45)
= N(dl) - 1

by applying equations (4.33), (4.34), and (4.43) and then using equa-

tion (4.20).

Gamma

An option’s gamma, T, is the rate at which the delta of the option changes
with respect to the underlying asset’s price. It is therefore the second

partial derivative of the optioh position with respect to the price of the
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iderlying asset S. For a European call option, I is given by

<

AON(d
I-‘call = 3(51)

(4.46)

y using equations (4.33) and (4.44).

For a put option, gamma is obtained by differentiating both sides of equa-

tion (4.45) once with respect to .S as follows:

Tput = & [N(d1) — 1]

by using (4.33).

- Speed

The rate at which gamma changes with respect to the price of the stock

S is called the option’s speed. Hence,

Speed = g—g.

The speed for a call option can be obtained by differentiating
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equation (4.46) with respect to S as follows:
Speed = % (;;L\/;‘—zt) : (4.47)
We can use the fact that
N"(d1) = —diN'(dy) (4.48)

~ to simplify equation (4.47). We prove the relation in equation (4.48) as

follows.

Differentiating both sides of (4.39) with respect to d; gives

N"(dy) = ~dy e~

= —d,N'(dy).

Hence, from equation (4.47), we get

_ __N'(d) N"(dy)
Speed = _a32 ,_T:l‘—t + gzsz(Tl_t)

= — s (d1+a\/T—t)

by using equations (4.33) and (4.48).



; APTER 4. BLACK-SCHOLES OPTION PRICING THEORY 66

Fcall = Fput )

this means that the speed of a put option equals to that of a call option.

 Vega

)

v In all the risk parameters considered above, the implicit assumption we
" have made is that volatility ¢ is constant. In practice, volatility changes
~ with time, which means that a derivative’s value is liable to change due to
~ movements in volatility and also due to changes in the price of the asset
S and the passage of time ¢t. The parameter vega, also known as zeta or
kappa (see Wilmott [61]), is the sensitivity of the price of the option to
volatility. It is the rate at which the price of the option changes with

respect to the volatility of the underlying asset.

To compute vega for a call option, differentiate both sides of equation (4.32)

with respect to o to get

_ dc
Vega‘call - _a—&t

- § (5 - KON

= SVT — tN'(dy)
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b substituting equations (4.33) and (4.34) and then using equation (4.37).

<

For a put option we differentiate equation (4.36) with respect to o as

‘. follows:

— 9
put 7 9o

Vega
=2 (Ke ™ T=IN(~dy) — SN(—dy))

= SVT — tN'(—dy)

on substituting equations (4.33) and (4.34) and then using equation (4.43).

Rho

The sensitivity of the option value to the interest rate r used in the
Black-Scholes formulae is called rho. To get the rho for a call option,

differentiate both sides of equation (4.32) with respect to r to get

)
rhocay = 361‘

= 2 [SN(dy) — Ke™" TN (dy)]

= K(T — t)e """ N(dy)

on substituting equations (4.33) and (4.34) and then applying equation (4.37).
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For a put option, rho is obtained by differentiating both sides of equa-

<

tion (4.36) with respect to r to get

rhoyy, = %
=2 [Ke " "IN (—dp) — SN(—d1)]

= —K(T — 1)e " T-IN(—dy)

by using equations (4.33) and (4.34) and then applying equation (4.43).

4.2 Modified Option Valuation Theory

In the standard option valuation theory discussed in Section 4.1, we take
the market (risk-neutral) dynamics as given and then calculate derivative

prices.

However, when we have a feedback loop or market frictions it means that
derivative hedging will lead to market dynamics. The feedback loop and
market frictions resulting from hedging renders the use of the standard

Black-Scholes model inappropriate in option valuation.

Nonlinearities in diffusion models can arise from insect dispersal, heat
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conduction and illiquid market effects. Our focus in this work is on the

nonlinearity arising from illiquid market effects. =

Two primary assumptions are used in formulating classical arbitrage pric-
- ing theory. These are the frictionless and competitive markets assump-
tions. Relaxing the competitive market assumption can completely change
- the standard theory. As such, manipulation of the market may become
- an issue and pricing of an option becomes market structure- and trader-
» dependent. Under market manipulation, the price process of a security
can depend on the entire history of the investor’s past trades up to the
~ current trade. Eliminating this path-dependent condition rules out mar-

ket manipulation and allows use of the classical arbitrage pricing theory.

The notion of liquidity risk (see Cetin et al. [11] for further details) is
introduced on relaxing the two assumptions above. This risk, roughly
speaking, is the additional risk resulting.from timing and the size of a
trade. Cash liquidity risk is of concern in a situation where a firm’s in-

volvement in derivatives is more pronounced [13].

The nonlinear Black-Scholes PDEs in illiquid markets have been derived
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f'n order to model the following.

{

<

1. Transaction costs arising in hedging of derivatives. The models un-
der this category are called the (quadratic) transaction-cost models.

The markets involved here are said to be markets with friction.

2. Feedback effects due to large traders. The models here are subdi-

vided further into

i. the reduced-form SDE models, and

ii. the equilibrium or reaction-function models.
Two assets are used in all the models above. These are

1. a bond (or a risk-free money market account) with interest rate

r >0, and
2. astock. This is an illiquid asset, i.e. its price is affected by trading.
The stock has no maturity date while a bond matures at the end of the

term. The interest rate r is a spot rate of interest and is assumed to be

zero in the illiquid market models above. The value in the money market
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- account (or bond’s value) is given by

t
B, = elirots

= eJords (4.49)

Tt

since r; = r, i.e. the rate of interest r; is assumed to be constant. For
modelling purposes, the bond (or money market account) has been taken
to be a numéraire whose value has been set at 1 [since r = 7, = 0 in
equation (4.49)] so that the value of the bond (or money market account)
throughoutv time ¢ is B; = 1. This choice of the value of the bond simpli-
fies the model (see Shreve [55]). It is assumed that the bond’s market is
liquid (or perfectly elastic). With this assumption, large amounts of the
bond are traded without affecting its price. This is a reflection of the fact

that money markets are more liquid compared to the stock markets [23].

There are two types of investors in all these nonlinear models. These are

fundamental investors and hedgers.
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- 4.2.1 Transaction-Cost Models

The market under the standard option valuation model discussed in Sec-
tion 4.1 is assumed to be frictionless. Hence, there are no transaction
costs incurred in trading either the stock or the option. This assumption
is not realistic given the scale of hedging activities on many financial mar-
kets (see Bordag and Frey [6]). For instance we cannot avoid telephone

charges in the process of placing an order.

The frictionless market assumption has been relaxed by Cetin et al. [11,
12] who have put forward the predominant model in the transaction cost
model for illiquid markets. In the economy‘ under consideration, the study

is on the trading of a stock and a bond (or money market account).

In the transaction-cost model, a fundamental stock price process Sy fol-

lows the dynamics
dSY = pSPdt + o SdW,, t€[0,T)

for a Brownian motion W and constant parameters ¢ € R and o > 0.

The stock price S? is called the bid price.
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In the classical theory discussed in Section 4.1, the trader receives the
- same price for any order size, i.e. the trader does not move the market.
In the economy under transaction costs the price received depends on the

- hedger’s order size, i.e. the trader moves the market.

- Option prices increase due to transaction costs [12]. These costs make
the price of a traded security dependent on the size of a trade (see Cetin
et al. [11]). When trading o = a; shares, the transaction price to be paid

by the investor at time ¢ for his purchase/sale is
Si(a) =eS?, a€R, 0<p<l. (4.50)

The liquidity parameter p models the liquidity of the market. When
- p = 0 we have a perfectly liquid market that was described in Section 4.1.
Large p means that trading has a substantial impact on the transaction
price. The prices here are therefore a continuum of stochastic processes
which are indexed by trade size. The transaction price S;(a) is called the
ask price. Hence, a bid-ask-spread whose size depends on the amount

a is modelled by the transaction price in the model (4.50). This leads
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to transaction costs which are proportional to quadratic variation of the

<

-~ stock trading strategy as shown in Cetin et al. [11].

To explain the statement above in more detail, consider a self-financing
trading strategy (@i, 8;)1>0, where @, and j; are the stock and bond po-

sitions at time t respectively.

Definition 4.2.1 A self-financing portfolio is one where the change in

its value only depends on the change of the prices of the asset(s).

From this definition, the change in the marked-to-market (or paper) value

of the strategy at time ¢ whose value is
VM = 8,80 + B, (4.51)

is given by

dVM = ,dS? (4.52)

since f3; is constant throughout time ¢. This marked-to-market value is
the value of the position using current market prices. For a self-financing
strategy (®¢, 31)i>0, the marked-to-market value in equation (4.51) repre-

sents the portfolio’s value under the classical price-taking condition that
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the trader does not move the market.

The price process of the security in the transaction-cost models is in-
dependent of the past. This is the Markov property discussed in Sub-
section 3.1.3. A Markovian trading strategy is a trading strategy of the
form @, = ¢(t, S?) where ¢ is a smooth function. The investor’s trading
strategy ®; has a temporary impact on the price process since the price

process is independent of the past.

Since ®; = ¢ = us(t,S?), the quadratic variation for the stock trading

strategy (P, 5t)i>0 is obtained as follows.

Since the deterministic component of a SDE is not important in comput-

ing the quadratic variation of a given process, we will assume that the

deterministic component is zero for simplicity. We now let

Xe=W,

or

U ITY
ASENO UMIVERS
g S.G. S. LIBRARY
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where W, is a Wiener process. By Theorem 28, pp. 17 in Protter [48], the

quadratic variation of the process {X;,t > 0} satisfying the SDE (4.53)

is given by (X)t = (W,W)t =t (see Definition 3.1.5).

Suppose that the coefficient of dW; in equation (4.53) is o(# 1). We can

rewrite equation (4.53) as
dX, = odW,. (4.54)

The quadratic variation of the process { X;,* > 0} satisfying the SDE (4.54)
is given by

(XYt = (oW,oW)t = 0%

or
t
(X) :/ o%ds.
0

Suppose that instead of the arithmetic Brownian motion process described
in equation (4.54) above we have a geometric Brownian motion process
{S?,t > 0} such that

&2 — gaw,
t
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or
dS? = ¢ S2dw,. T (4.55)
The quadratic variation of S? in equation (4.55) becomes
(S)t=(0S)%
or
t
(S)t = / (0S)2ds.
0
Hence,
d(S)t = (cSP)?dt. (4.56)

We now introduce a semimartingale ®, € L such that E { IN <I>§ds} < o0
for all ¢ > 0 where LL is a left continuous process. To enable us derive
the quadratic variation when semimartingales are involved, we let ¢ and

S be continuous quadratic variation functions, where ¢ is smooth. Then

(@)t =(poS)t
= /0 ¢ (Ss, 5)%d (S) s (4.57)
_ / " Rd(S) s,
0

Hence, the change in quadratic variation of a semimartingale ®; in
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equation (4.57) becomes
d(®)t = ¢p2d (S)t. (4.58)
Substitution of equation (4.56) into (4.58) gives
d(®)t = (oc¢s(t, S?)SY)2dt (4.59)

or

(P)t = /Ot (J¢SSS)2 ds.

We now apply It6 formula to the process (u(t, S7)),5, the way we did to

obtain (4.3) to get the dynamics
du(t, S7) = (we(t, S7) + 302(S7)?uss(t, S)) dt + us(t, S7)dSy.  (4.60)

The liquidity parameter p in equation (4.51) is zero since the equation
is for standard option valuation. If p > 0, then the liquidation value of
the portfolio is lower than its marked-to-market value (see Bordag and
Frey [6]). This is because transaction costs incurred in the process of
trading reduce the marked-to-market value V;¥ given in equation (4.51).

The amount by which the change in the marked-to-market value reduces
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as trading goes on is an extra transaction cost which results from the
limited market liquidity (see Frey and Polte [24)), i.e. whe;n p ;‘0 a trader
incurs an extra transaction cost. The amount of this extra transaction
cost is —pS2d (®) ¢ (see for instance Bordag and Frey [6]). Adding this
extra transaction cost into equation (4.52) gives the wealth dynamics of a

self-financing strategy for a continuous semimartingale ®, with quadratic

variation (®)t as
dVM = &,dS? — pS2d (@)t as t— oo. (4.61)

A self-financing strategy by construction docs not generate cash flows for
all times t € [0,7), i.e. stock purchase/sale must be obtained through

borrowing/investing in the money market account.

Substituting equation (4.59) into (4.61) yields the dynamics of VM, ie.
dVM = ¢(t, S0)dS? — pS? (o4s(t, S7)S0) dt as t— oo,  (4.62)

where ¢s = 22 and ®, = ¢(t, 7). Equations (4.61) and (4.62) are the

results from Theorem A3 of Cetin et al. [11].
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Since

VM =u(t,S)), -

this means that

dVM = du(t, S?).
Equating the right hand side of equations (4.60) and (4.62) gives

us(t, S9)dSy + (us(t, S7) + 30*(S))uss(t, SP)) dt =
(4.63)
(t, 59)dS? — pS? (aos(t, S?)S0)* dt.

Using the relation ug = ¢ means that the random terms in equation (4.63)

are equivalent. We equate the deterministic terms and simplify to get
u + 20°S%uss + po?S3(uss)® = 0 (4.64)

since ¢g = ugs. Rearranging equation (4.64) gives the nonlinear PDE for

u as
ug + %U2S2USS(1 =+ 2PSUSS) = 0: U(ST, T) = h(ST)’ ST 2 0. (465)

The hedge-cost u(.S, t) of the terminal claim h(S7) is given by the solution

of equation (4.65) which we intend to get.



CHAPTER 4. BLACK-SCHOLES OPTION PRICING THEORY 81

If p = 0, then the asset’s price S? in equation (4.65) follows the standard

Black-Scholes model with constant volatility o.

4.2.2 Feedback Models
Reduced-Form SDE Models

The assumption made in this modelling approach is that investors are
large traders as their stock trading strategy affects equilibrium stock

prices [6].

We now consider some Brownian motion W, and two constants o and
p > 0 where ¢ is volatility and p is a liquidity parameter. The param-
eter p is a characteristic of the market. This parameter determines the
strength of the price impact and it does not depend on the payoff of the
hedged derivatives. The value of p is fixed in the process of trading. Use of
the parameter p results into a model that can be viewed as a perturbation
resulting from the standard Black-Scholes model (4.1). The parameter p

controls the size of this perturbation.
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If a semimartingale ®, represents a trader’s stock trading strategy, the

stock price process S; is assumed to satisfy the SDE =

dSt = pStd(Dt + O'Stth. (466)

The semimartingale ®; is a right-continuous process ®* with ®; = lim, > D
for ®;, shares at time t. By choosing the strategy (®;, f;)i>0, we are im-
posing exogenously rather than deriving the form and size of the hedger’s
trades’ price-impact. This simplifies the analysis considerably. The prop-
erty of the resulting stock-price dynamics is that if the large trader sells
the stock, i.e. A®, < 0, the stock price S; falls (and if he buys, i.e.
A®, > 0, the price rises) by pS;- A, since tfle agent has increased (lim-
ited) the supply of shares. The notation S,_ stands for the left limit
lim, % .S¢. If the representative hedger does not trade, i.e. ®; = 0 and/or
p = 0, the price of the asset follows the standard Black-Scholes model with
constant volatility o since the deterministic component in equation (4.66)

vanishes when p (or d®;) = 0 leaving behind a linear Black-Scholes model.

The asset price process resulting when the liquidity parameter takes the

value p and if the large trader uses a trading strategy @, is denoted by
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Si(p, @;). Suppose that the hedger uses a Markovian trading strategy

®; = ¢(t,S;) for a smooth function ¢ and that ¢ satisfies the constraint
1—pSe¢s(t,S) >0 forall (¢,9).

Given a liquidity parameter p, the constraint above limits the permissible

variations in the large trader’s stock trading strategy.

Applying Itd formula to the stock price process S; = Si(p, ®;) in equa-

tion (4.66) gives the dynamics

dS, = v(t, S,)S,dt + v(t, S,)S,dW,, (4.67)

where the function v is the adjusted volatility and is given by

u(t, S) = (4.68)

-
1-pSes(t,9)’

while the function v is given by
_ 0252¢g5(t,S)
V(6,50 = ropstirs (046 5) + SEdistiate)

where ¢gg = %@. See Frey [22] for a detailed derivation of equation (4.68).
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We note that the adjusted volatility v(t, S) increases (decreases) relative
to the constant volatility o if ¢g > 0 (¢s < 0). This means that if a pos-
itive (negative) feedback strategy is used by the trader, when the stock
price rises, this calls for additional buying (selling) and when it falls the
hedger needs to sell (buy). Market movement will be accelerated (slowed)
by this hedging demand. The dynamics of S are therefore affected by the
form of the strategy ®,. This feedback effect (i.e. positive or negative ¢g)
gives rise to the wealth dynamic’s nonlinearity. The magnitude of the
feedback effect of the strategy used by the hedger is determined by pS
in equation (4.68). Large p implies a big market-impact of hedging since

this value of p leads to large pS.

Using model (4.66) and Definition 4.2.1 we derive the nonlinear Black-

Scholes PDE resulting from the SDE (4.67) as follows.

Suppose that V;M = u(t, S;) and the stock trading strategy used is ®, =
é(t,S;) for smooth functions u and ¢. Applying Ité’s formula to the
process (u(t, Si(p, ®)))i>0 gives ¢ = ug. We get the gains from the self-

financing strategy @, as follows.
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Since

t
0

where V¥ is an initial investment and V;™ is the time ¢ marked-to-market

value, this means that the gains from the strategy are given by

Gtz‘/tM__VbM

t
=/ avM.
0

Hence, from equations (4.52) and (4.69) we have

(4.69)

t .
Gy / B,dS.(p, D).
0

The function u(t, S;) according to Bordag and Frey [6], and Frey [22] must
satisfy

u + 10%(t, ) S%uss = 0. (4.70)

Since ¢ = ug, then ¢g = ugs. We substitute equation (4.68) into (4.70)

and then use ¢g = ugg to get the nonlinear PDE for u(¢, S) as

ug + %m‘gfmﬁszuss =0, u(Sr,T)=h(Sr), Sr>0. (471
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The market depth at time ¢ is given by ,Tls"'

Equilibrium or Reaction-Function Models

There are two types of traders in the market modelled by equilibrium
models. The first type of traders are reference traders who are ordinary
investors. These traders are the majority in the market. Such traders
are “price-takers”. By this we mean that the traders cannot influence the
asset price on the market. These traders trade in such a way that the

equilibrium stock price S; follows the dynamics

dSt = a(St, t)dt + ’U(St; t)th

The price S; is the proposed price of the stock [6]. We can consider all
reference traders as a single aggregate reference trader who represents a
total action of all reference traders [54]. We have two limitations for the

single aggregate reference trader. These are

1. an aggregate stochastic income Fj, i.e. the total income of all the

reference traders, which can be described by the equation

dF[, = ’QZJ(FL, t)dt + 'U(FL, t)dWL,
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and

(
<

2. a demand function D(St, Fi,t) which is a function of the income F}

and of the equilibrium price process S;.

The second type of traders are programme or large traders. These traders
trade the asset following a Black-Scholes dynamic hedging strategy. The
main reason for trading of an asset is to hedge their position against the
risk. Programme traders are large enough to change the price of the asset

corresponding to their own trading strategy [54].

The large trader’s demand function can be represented by

d)(ta St) = C(I)ta

where ¢ is the volume of options hedged and ®; is a smooth function of

time ¢ representing the demand per security hedged.

The price process of the asset is determined by some fundamental value
F and a market equilibrium. The assumption made in the model by
Papanicolaou and Sircar [44] is/that the supply of an asset sy is constant

and that D is the demand of the reference traders relative to the constant
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supply sg. This means that

D(S, F,t) = soD(S, F, 1),

where F' is the value taken by the aggregate stochastic income F;.

The relative demand function of both the reference and large traders at
time ¢ is

G(S,F,t) = D(S, F,t) + p®(S, 1),

where p is the liquidity parameter (i.e. ratio of the volume of options be-
ing hedged to the total supply of the stock) and p®(t,S) = pé(t,S) = «

is the stock position of a large trader for a smooth function ¢.

We now set the overall demand and supply equal to one at each point in

time. This means that market equilibrium will be equal to one, i.e.

G(St) Ft) t) = ])(Sta Ft7 t) "y [)¢(t, St)

1.
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By determining the relationship between the stock price S; and the income

F; in the function

G(St, Ft, t) = 1,

we assume that the function G is smooth and satisfies the conditions of
the Implicit Function Theorem [54] (see Theorem (§C.6), in Evans [18],

pp. 633).

In this case we obtain

St = ¢(B1 p¢(t7 St))7

where 1 is some smooth reaction function.

The smooth reaction function 1) is a function of F; and defines the process
S, as a process that follows the same Brownian motion as the process
F,. The fundamental-value process F, is assumed to follow a geometric
Brownian motion with volatility o. The reaction function v takes values

in R, and is also assumed to be of the form 9(f,a) = fA(«) for some
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increasing function X (see [46]). Hence,

Assuming that the trading strategy of the large trader is of the form
po(t, S;) for a smooth function ¢, Bordag and Frey [6] apply It6’s formula

to equation (4.72) to get
dS; = Mpd(t, Si))dF; + pFila(po(t, Si))ds(t, Si)dS: + b(t, S;)dt, (4.73)
where A\, = %. We now assume that
1 — pE ) (po(t, Si))ds(t,St) >0 a.s. (4.74)

We can view the constraint in (4.74) as an upper bound on permissible

variations of the large trader’s strategy [6].

Bordag and Frey [6] have shown that rearranging and integrating the

inverse of the left hand side of inequality (4.74) over both sides of
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equation (4.73) gives the dynamics of S; as

dsS;

. ~
—- oS, dW, + b(t, S,)dt.
= /\ﬁp‘%f;t)))) Seds(LSt)

Reasoning the same way as in the reduced-form SDE models gives the

PDE
Ut 57— Aa(p‘fs} 28%uss =0, u(Sr,T)=h(Sr), Sr20 (4.75)
(1o suss)

for the value function u(t, S;) of a sclf-financing strategy . When
AMa) = exp(a) as in Platen and Schweizer [46] we have A = )\, and
equation (4.75) reduces to (4.71). When the transformation A(a) =

(63

is used in (4.75), the same PDE reduces to

1-pus—pSuss

) 2
ws + 10?5 uss (iﬁus_) =0, u(Sr,T)=h(Sr),S>0 (4.76)

since a = p¢ = pug.
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4.2.3 Variants of Nonlinear Black-Scholes Equations

<

The nonlinear Black-Scholes PDEs (2.2), (4.65), (4.71), (4.75), and (4.76)

are of the form

1
U + §U2U§(PUS,PSUSS)SZUSS = 07 u(ST7 T) = h‘(ST)a ST > Oa
(4.77)

where the “volatility” ov,(pus, pSuss) is an increasing function of the

“gamma”’ ugg.

The parameter p is often considered to be small. Therefore, replacing
vf, with its first order Taylor approximation around p = 0 using the
linearization v3(pus, pSuss) ~ 1+ 2pSuss reduces equation (4.71) to the

PDE (4.65). This linearization can be shown by taking
2uh(pus, pSuss)|p=0 = 2Suss(1 — pSuss) ™| =0
= 2SUSS

so that

v2(pus, pSuss) ~ 1+ 2pSuss.



Chapter 5

The Korteweg-de Vries

Equation

Consider the Korteweg-de Vries equation (2.3) in Section 2.7. It is the
simplest wave equation. We seek for a traveling wave solution which has
the structure

u(z,t) =v(), &=z~—Ct, (5.1)

where £,z € R and t > 0. This is a wave of permanent form and the wave

translates to the right with speed C' > 0. By the chain rule we have

w =—CV(£), u,=V(€), and g =vV"(&).

93
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Substituting these expressions into the KdV equation (2.3), we conclude
that u solves the KdV equation, provided that v satisfies the third order
ODE

—CV +6uv/ + V" =0. (5.2)

The ODE (5.2) can be solved in a closed-form since integrating it gives
—Cv+ 32+ =4y, (5.3)
where d; denotes some constant. Multiplying this equation by v/ gives
—Cuv' + 3%/ + " : o' (5.4)

Assume that the traveling wave is localized, that is, at large distances, the

solution u(l, z) together with its derivatives are small. This means that

R e e U

2 o s % & i
where 1, = g;’;—. We now impose the localizing boundary conditions

lim v(¢) = lim V'(¢) = lim v'(§) =0. (5.5)

E—+oo {—Eoo £—to0
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Integrating equation (5.4) gives

S+ B — g4 4, (5.6)

where 9, is also a constant of integration. With these localizing conditions,
the function v with the form (5.1) is called a solitary wave. The localizing

conditions imply that for equations (5.3), (5.4) and (5.6),

(@)
S
|

[\D‘
Il

o

Hence, equation (5.6) simplifies to
V' =4uvvC - 2.
We take the negative sign for computational convenience. If we let
°
§=—/0 75 + o (5.7)
where & is an integration constant and then substitute

q= —g-sech%:,
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it follows that

g% = —C sech’z tanh z

and

g\/C —2q = %ﬂsech% tanh x.

Then, equation (5.7) becomes
£ = 750+ &, (5.8)
where 6 is implicitly given by the relation
Esech’d = v(£). (5.9)
Combining equations (5.8) and (5.9) we compute
v(€) = Gsech? (Y2(€ - &) (€ €R).

We need to check routinely that v as was defined actually solves the

ODE (5.2). What we get is that

u(z,t) = <sech? (@(z— xo — Ct)) (x e R,t >0) (5.10)
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s a solution of the KAV equation for each C' > 0 and xg € R. We call
~ a solution of this form a soliton or solitary wave solution because equa-
- tion (5.10) describes a localized travelling wave solution (see Figure 5.1).

The localized wave travels with unchanged shape.

f Figure 5.1: A solitary wave solution of KdV equation (5.10) for C' = 2

and xg = 2 calculated at ¢t = 1.

To compute the wave speed we rewrite equation (5.6) by assuming that

P+ S =12 (A-v), 0<A, (5.11)
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where A is the wave’s amplitude (see Figure 5.1).

Equation (5.11) gives

C =2A.

These solitons occur in nonlinear optics, fluid mechanics, and other non-

linear phenomena.

The Korteweg-de Vries equation (2.3) is a nonlinear dispersive equation
for modelling surface waves in water. It combines dispersion (i.e. the term
with u,,,) and nonlinearity. The equation is used in studying solitary

waves.



Chapter 6

Results and Discussion

The nonlinear Black-Scholes PDEs considered in Chapter 4 are all singu-
lar perturbations since they are modifications of the linear Black-Scholes
PDE (4.9) through addition of a small multiple p times a higher order

term ugg.

The questions of ezistence and uniqueness of the solution to the nonlinear
Black-Scholes equations discussed in Section 4.2 have been addressed in
Theorem 3.1 of Frey and Polte [24]. General results in [24] have shown
that a unique solution to equation (4.77) exists. These results are there-
fore applicable to the nonlinear equations (2.2), (4.65), (4.71), (4.75),
and (4.76) since equation (4.77) is the general form of all the nonlinear

Black-Scholes equations above.

99
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Existence of the solution means that there is a solution to the problem
satisfying all given conditions while uniqueness of the solution mieans that

the problem has no more than one solution.

6.1 Solution to a Nonlinear Black-Scholes

Equation

Now that a unique solution to the boundary-value problem (4.65) exists,
we will solve it by direct integration. The primary solution methods we
will apply to obtain its solution will be transformations and traveling

wave solution.

To classify the nonlinear Black-Scholes equation (4.65) we differentiate it

twice with respect to the spatial variable S and set w = ugg to get

w+ZE (1+4pSw)wss+2p0° S*wi+202 S (14+6pSw)ws+0° (1+6pSw)w = 0,
(6.1)
where

dw __ Ow _ d%w
Wy = B Wg = Er) and Wss = 952 -



CHAPTER 6. RESULTS AND DISCUSSION 101

The general form of equation (6.1) is given by

F(S,t,w, ws, wt, wss, Wst, wy) = 0, (6.2)

where
2 2
Wgey = %, and Wy = %Tg)
We can rewrite equation (6.1) as
#(14‘4/)810)“}55 = f(S,t,’LU,’LUL,U)S), (63)

Equation (6.3) is a special case of equation (6.2) with
F(S,t,w,p,q,d) = 75~ (1 + 4pSw)p — (S, t, w,w,ws) =0,  (6.4)

where

p=wss, gq=wg =0, and d=wy=0.
Since from equation (6.4) we have

a=%=#(l+4p8w)? b=%%—§:0, and c¢=9% =0,
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then, the discriminant of equation (6.4) is zero.

Hence, the nonlinear Black-Scholes equation (4.65) is a scalar parabolic

equation.

If we let v(§) be a twice continuously differentiable function, and z and ¢
the spatial and time variables respectively, then there is a traveling wave

solution of the form
V(z,t) =v(§), where {=z—-Ct (6.5)

for all (z,t) € R x (0,00). The function V(z,t) in equation (6.5) is
interpreted as the strength of the signal. Equation (6.5) is a bounded
solution for the sz’gndl or wave profile at time {. When the conditions
v1(€) > 0at &€ — +o0 and 1(€) > 0 at £ - —oo are added to the equation
that is solved to obtain V(z,t), the traveling wave solution V(z,t) is
called a wavefront solution. The wavefront‘ solution is termed as a pulse
if V(z,t) approaches the same constant values at both plus and minus
infinity. Since the initial signal V(z,0) = v(z), the profile at time ¢ is

represented by v(z — Ct) which is an initial profile translated to the right
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C't spatial units [34]. The constant C represents the wave speed for a
wave propagating undistorted along the characteristics x — Ct = constant
in spacetime [34]. We interpret the variable £ = z — C't in equation (6.5)

as a moving coordinate [34].

Proposition 6.1.1 Ifv () is a twice continuously differentiable function,
and z and t are the spatial and time variables respectively, there exists a

traveling wave solution to
Vi+ [D(V) (Vo +3V)]_ =0 in Rx(0,00) (6.6)

of the form given in equation (6.5) for all (x,t) € R x (0,00) and D(V') =
%ZV such that V(x,t) is a traveling wave of permanent form which trans-

lates to the right with constant speed C' > 0.

Proof 6.1.2 Applying the chain rule to equation (6.5) gives
Vi = —CVI(§)7 Ve = Vl(g), and Vi, = V”(f)‘

Substituting these expressions into equation (6.6) and since D(v) = D'(v)v

we conclude that v(§) must satisfy the nonlinear second order ODE

—-CV + DV +D(V/)+DV =0 (6.7)
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and hence V solves equation (6.6).

We also assume that the traveling wave is localized.

Equation (6.7) can now be solved in a closed-form. First write it as

4(DV') + &(3Dv - Cv) =0 (6.8)

since D(v) = D'(v)v. Integrating equation (6.8) we get the standard
form [34]

V' =D (Cv—3iDv+k), (6.9)

where k is a constant of integration. Imposing the localizing boundary
conditions (5.5) to equation (6.9) means that x = 0. Rearranging equa-

tion (6.9) after applying the localizing boundary conditions (5.5) yields

~”2—2u1/ =Cv-— %2' 2 (6.10)

[N

since D(v) = %-v.

Introducing the two states of the signal at infinity (i.e. 141(§) > 0 as
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& — 400 and 15(§) > 0 as £ = —o0) to the right hand side of (6.10) gives

2 2
Oy = Zp = 0y — Ty,
471 472

Therefore, the wave speed is given by

C= %(Vl + 1/2).

Since k = 0 from the localizing boundary conditions (5.5) and

D(v) = 5‘2—21/, simplification of equation (6.9) further gives

From this equation we conclude that v () satisfies the first order linear

autonomous ODE

_9dv _, _4AC
2d£—1/ g

This equation is variable separable. Integrating it and simplifying gives
vi)=e2 +33, 0>0, (6.11)

where & is a constant of integration.
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To get a twice continuously differentiable solution of equation (6.6) on R

we use equations (6.5) and (6.11) to express it as
Vig,t)=e 2 +% >0 >0, (6.12)

where &y = o — C't = xq since the initial time ¢ = 0.

In order to solve equation (4.65) analytically by direct integration we

proceed as follows:

Theorem 6.1.3 IfV (z,t) is any positive solution to the nonlinear ground-

water equation V; + [D(V) (Vz +3V)]_=0in R x (0,00), then,
Ct+so
u(S,t) = % (—\/—S_e 2 +S5(1-InS)(3 - %)’4—51‘, <<;_Z _ C_z) _ %%eCt+so>

solves the nonlinear Black-Scholes equation u; + %0’25211,55(1 +2pSugs) =
Ofor SeR, zeR, t>0, DV) = ”—;VandforeachsoeR,C>0,

c>0and1>p>0.

Proof 6.1.4 Since the dynamical process (4.65) is first order in t, its
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solutions are expected to be uniquely prescribed by their initial values

<

u(S,0) = f(S), —-00< S <.

We transform the reaction-advection-diffusion equation (6.1) by using two

transformations. One of the transformations is

To understand the motivation behind this transformation we write it as
follows:
— w
U o8 T

(6.13)

(pS)~1

since w = ugg. Equation (6.13) has the form bf a dimensioned variable
divided by a variable with the same dimension. We refer to the variable
(pS)~! in the denominator as a scale [34]. This means that the parameter

gamma (i.e ugg) is being measured relative to the market depth pls.
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The other transformation is

T = InS,

which is motivated by the fact that the stock price S follows a geometric
Brownian motion, so that InS describes a Brownian motion. Then, InS

should satisfy a diffusion equation.

Applying these two transformations to equation (6.1) and simplifying it

gives
(e 122:(]- =+ 4U)sz 2 20’21}:% + 672(1 + 4U)UI =0, (6:14)
where
v=% v,=2 and v,= %~
If we let
_ V-1
v="g
we get
V= ‘_}) Ug = ‘_512’ and Ygp = %’
where
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Substituting these expressions into equation (6.14) and simplifying the

<

results gives
Vit 5 (Ve + V2 +VV2) =0 in R (0,00), (6.15)

where V'V, represents a nonlinear advection or transport term. Equa-
tion (6.15) is a homogeneous second order nonlinear parabolic PDE of

degree one.

Taking the diffusion coefficient to be D(V'), we can rewrite equation (6.15)

as
Vi+ D(V)Vue + D'(V)V24+ D(V)V, =0 in Rx(0,00), (6.16)

where D(V)V,, is a nonlinear Fickian diffusion term [34]. Comparing
the terms in equations (6.15) and (6.16) we conclude that D(V) = %QV.

Therefore, D'(V) = "72 The equation (6.16) can also be rewritten as
Vi+ D(V)Vee + [D'(V)V,+ D(V)] Vo =0 in Rx(0,00). (6.17)

We recover from the variable diffusion constant in equation (6.17) a non-
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linear advection term [34]
[D'(V)Va+ D(V)] V.
This implies a propagation signal of speed (see [34])

D'(V)V, + D(V).

From the advection-diffusion equation (6.17), the Fick’s law takes the
form [34]

¢(V)=D(V) (Vz+3iV), (6.18)

where ¢(V) is the flux. We substitute equation (6.18) into (6.17) to get
Vit ¢(V)e =0, c(V)=4¢'(V), (6.19)

where

¢(V)x = '{%¢(V)

and the characteristic speed c¢(V') is a given smooth function of V. The

nonlinear equation (6.19) is the same as equation (6.6).
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Hence, from equation (6.6) we get the determined system

Vi+ Z(VV, +4V?), =0 in Rx (0,00) (6.20)

2

since D(V) = V.

Before assuming any form of a solution to the nonlinear PDE (6.6) we
consider the groundwater equation (see equation (1.3.19) on pp. 31 of

Logan [34]) given by

where f = f(x,t) is pressure, f, = gﬁ, k is the porosity, § is permeability
of the fluid, -« is the viscosity of the fluid, V is the density of the fluid with
positive z measured downward, and ¢ is the acceleration due to gravity.
In this equation the parameters §, v and g are assumed to be positive
constants. The porosity « is also assumed to be constant. When g = 0,
equation (6.21) becomes a porous medium equation used for modelling
say a fluid (e.g., water) seeping downward through the soil. In a given
volume of soil, a fraction k of the total space (or volume) is available to

the fluid while the remaining space is reserved for the soil itself [34] (see
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Figure 6.1).
Pore space Soil
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Figure 6.1: A chemical dissolved in a liquid contained in a porous medium

of cross-sectional area A.

Comparing equations (6.20) and (6.21) we conclude that equation (6.20)

is of the form (6.21) when k = —1, % = "2—24, fe =V, and g = %

Groundwater equations are applied in nonlinear problems of suspension
transport in porous media e.g. a contaminant transport in groundwater

(see [34, 47]).
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Substituting

into (6.12) gives the solution to equation (6.14) as

zo—(z—C't)

v(z,t) =32e 2 +

le &
I

N
-

Substituting the transformations

usg=w=p%, and z =InS

into (6.22) we get the solution to equation (6.1) as

forall p>0,5>0,0>0,and t >0, where -

Tog = Sg-

o g0 h>10L

113

(6.22)

(6.23)

Hence, the parameter gamma given by ugg in equation (6.23) is a solitary

wave solution to equation (6.1).
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Integrating ugs in equation (6.23) twice with respect to the spatial vari-
able S, we arrive at the (Black-Scholes formula) solution u‘('S, t) of the

nonlinear Black-Scholes PDE (4.65) (see Theorem 6.1.3).

REMARK 6.1.5 We call the solution ugg in equation (6.23)

1. a solitary wave solution or simply a soliton as the solution ugg
decays to zero at large distances, i.e, limg o uss = 0 [see equa-

tion (6.23)], and

2. gamma when taken as a risk parameter.

6.2 Applicability of the Solution and the

Option Greeks

The stock price data from the Nairobi Stock Exchange will be used to
plot curves of the solution of the nonlinear Black-Scholes equation and
the risk parameters derived from the solution in order to test whether
the solution is applicable in a real life situation. A subset of the data for
KenGen and KPLC for the periods between 2nd January 2007 — 24th

December 2007 and 3rd January 2003 — 2nd January 2004 respectively,
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i.e. one year for each company, will be used.

x10° Plotfor KeaGen x10° Plotfor KPLC
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Figure 6.2: Variation of gamma ugg with stock price S for a call option

for C =2 (KeniGen), € =22 (KPLC), 55 = 0.1, 0 =10.1 and ¢ = 1.

The curves in Figure 6.2 are going from up to down with decreasing value

of the liquidity parameter p.

Figure 6.3 represents a plot of the solution of the nonlinear Black-Scholes
equation (4.65) against stock prices for various values of the liquidity

parameter p. The curves in this figure are going from down to up with
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Figure 6.3: The solution of the nonlinear Black-Scholes equation (4.65)
for C = 2 (KenGen), C = 2.2 (KPLC), sg=0.1, 06 =0.1 and t = 1.

decreasing values of the liquidity parameter p. These rising curves with
rising liquidity (i.e. reducing value of p) mean that the stock markets
tend to become more liquid if derivative markets are introduced. This
supports the empirical evidence by Mayhew [38]. It is clear from these

curves that the gradient ug is positive.

6.2.1 The Greeks

In this subsection we compute the risk parameters resulting from the

solution of the nonlinear Black-Scholes equation. We then plot these risk
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parameters against the prices of the stock. The risk parameter gamma
that is represented by ugs was obtained in Section 6.1 in the process of
finding the solution to the nonlinear Black-Scholes equation (4.65). As

such, we will not discuss gamma in this subsection.

Delta

We obtain the delta, A, of the call option u(S,¢) by differentiating the so-
lution to the nonlinear Black-Scholes equation (4.65) [see Theorem 6.1.3]

once with respect to the spatial variable S as follows:

forall p>0,5>0,0>0andt¢>0.

The curves in Figure 6.4 are going from up to down with increasing value

of the liquidity parameter p. These curves show that the gradient which

is given by ugg is negative.
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Figure 6.4: Variation of delta ug with stock price S; for a call option for

C =2 (KenGen), C =2.2 (KPLC), sp=0.1,0 =0.1and t = 1.

Speed

Differentiating gamma, ugg, in equation (6.23) with respect to the spatial

variable S, we get the option’s speed as

forall p>0,5>0,0>0,and t > 0.

Gamma is used by traders to estimate how much they will rehedge by

if the stock price moves. An option delta may change by more or less
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the amount the traders have approximated the value of the stock price
to change. If it is by a large amount that the stock price moves, or the
option nears the strike and expiration, the delta becomes unreliable and

hence the use of the speed.
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Stock price

Figure 6.5: Variation of speed uggs with stock price S; for a call option

for C'=2 (KenGen), C' = 2.2 (KPLC), s =0.1, 0 = 0.1 and t = 1.

The curves in Figure 6.5 are going from down to up with increasing value
of the liquidity parameter p when the option speed is negative. The curves
converge when ugss = 0 and then go from up to down with increasing

value of p when the speed is positive.
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Theta

For a European call option resulting from the nonlinear Black-Scholes

equation (4.65), the parameter theta, ©, is computed as follows:

for all p > 0, 0 > 0, and ¢ > 0. We obtain this value of u; when the solu-
tion to the nonlinear Black-Scholes equation (4.65) [see Theorem (6.1.3)]
is differentiated with respect to time ¢. If the price of the asset does not

move, the option price will change by theta with time ¢.

The curves in Figure 6.6 are going from up to down with increasing value

of the liquidity parameter p.
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Figure 6.6: Variation of theta u; with stock\price S; for a call option for

C =2 (KenGen), C =2.2 (KPLC), s =0.1,c =0.1 and t = 1.

Vega

The vega, u,, of a call option u(S,t) to the nonlinear Black-Scholes equa-

tion (4.65) is computed as follows:

_ 0
ua—ﬁ

(6.26)

o3

=1 (%%‘5(1 — Iy -+ BHE T — %ecmo)

forall p>0,S>0,0>0 C >0, and t > 0. This value of vega u,
is obtained on differentiating the solution to the nonlinear Black-Scholes

equation (4.65) with respect to o.
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Figure 6.7: Variation of vega u, with stock price S; for a call option for

C =2 (KenGen), C = 2.2 (KPLC), sp=0.1, 0 = 0.1 and ¢ = 1.

The curves in Figure 6.7 are going from up to down with increasing value

of the liquidity parameter p.



Conclusions and

Recommendations

We have studied the hedging of derivatives in illiquid markets. Models
where the implementation of a hedging strategy affects the price of the
underlying asset have been considered. The main technical difficulty in
the nonlinear Black-Scholes equation (4.65) came from the nonlinearity
due to transaction costs. The difficulty was overcame by differentiating
the nonlinear equation twice with respect to the spatial variable S. This
led to the principal contribution in this work which is the reduction of the
nonlinear Black-Scholes equation into a nonlinear groundwater equation
that admits a solitary wave solution. Assuming the solution of a forward
wave, a classical solution u(S,t) of the nonlinear Black-Scholes equation
was obtained from the the solitary wave solution ugg by integrating ugs
twice with respect to the spatial variable S. The solution u(S,t) can be
applied in pricing a European call option at time ¢t > 0. We have found

out that the analytic solution to the nonlinear Black-Scholes equation is

123



CONCLUSIONS AND RECOMMENDATIONS 124

nontrivial when the liquidity parameter p > 0. We have further found out

that transaction costs can be modelled by a parabolic nonlinear equation

via a soliton ugg.

The analytic solution to the nonlinear Black-Scholes equation can be used

as a benchmark for numerical methods.

In conclusion, further research needs to be done to solve the nonlinear
Black-Scholes equation using other boundary conditions. Future work

will also involve evaluating the impact of Greek parameters.
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