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ABSTRACT

The concept of numerical range on a Hilbert space was first introduced
by O. Toeplitz in 1918 for matrices. This notion was independently ex-
tended by G. Lumer and F. Bauer in the sixties on finite dimensional
Banach spaces. J. G. Stampfli introduced the maximal numerical range,
proved its convexity and used it to derive an identity for the norm of
derivation in 1970. In 1972, J. G. Stampfli and J. P. Williams defined
and studied the essential numerical range of an operator. In our work,
we looked at the joint essential numerical ranges. In particular, this
study has shown that the properties of numerical ranges such as com-
pactness, nonemptiness and convexity do hold for the joint essential nu-
merical range. The study has also shown that the closure of the joint
numerical range of an operator is star-shaped with elements in the joint
essential numerical range of the operator as star centers. Further, we have
shown that the joint essential spectrum is contained in the joint essen-
tial numerical range by looking at the boundary of the joint spectrum.
Convexity, nonemptiness and compactness of the joint essential numerical
range were shown by first proving the equivalent definitions of the joint
essential numerical range. Basing on the convexity of the joint essential
numerical range, other results were obtained. The results of this study
are helpful in the development of the research on numerical ranges and
may also be applied by mathematicians in solving several problems in

operator theory.



Chapter 1

Introduction

1.1 Background Information

Denote by B(X) the algebra of bounded linear operators acting on
complex Hilbert space X. The numerical range of 7" € B(X) is defined

as

W) ={(Tz,z) :z€ X,{(z,x) =1}

which is useful in studying operators, see | 2, 5, 13, 14, 28, 29, 30 |. Let
A be a complex normed algebra with unit e, let a = (ay,...,a,) € A™.

The joint algebra numerical range V,,(a,.A) is defined by

Vin(a, A) = {(f(a1), .., flam)) : f €A™ | flI=1= f(e)}
where A* is the set of all bounded linear functionals on A. It was shown

in [13] that V},(a, A) is always a compact convex subset of C™.

Denote the set of self-adjoint operators in B(X) by S(X). Since every
T € B(X) admits a decomposition T" = Ty + ¢T with T}, T, € S(X),



CHAPTER 1. INTRODUCTION 2

W(T') can be identified with
{(( Thz,z),{ Tez,z)) : x € X, (z,z) = 1}.
This leads to the joint Numerical range of "= (11, ..., T;,) € S(X)™,
W (T) = {{{ W%, &5 oo { Ty 2}) 1w € X, {m, 2} = 1},

which has been studied by many researchers in order to understand the
joint behaviour of several operarors 77, ..., T,,, see [ 1, 8, 16, 21, 22, 24,
31].

Let (X)) be the ideal of all compact operators in B(X). Researchers,
while studying finite rank or compact perturbations of operators, consid-

ered the joint essential numerical range of T' € S(X)™ as
We(T) = (Y {Wu(T + K) : K = (K1, ..., Kn) € K(X)}.

When m = 2, W, (T) is identified with essential numerical range of

T =T, + 1T, € B(X) defined by
Wo(T) =({W(T +K) : K € K(X)},

see [ 4, 10, 17, 19, 26, 27, 43 ]. The essential numerical range for m = 1
was introduced and studied in [27]. The joint essential numerical range
was studied, for example, in [ 10, 38 | among others.

Convexity of W;,(T) and W,,(T + K) has been studied by various re-
searchers and concluded that W, (T + K) is usually non-convex while

W (T') is convex for m = 1 and is not convex in general for m > 2, see |
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8,13, 14, 19, 27, 32 |. It is thus unexpected for the set W,, (T') to be con-
vex since it is an intersection of non-convex sets. This could be the reason
why convexity of W, (T) is rarely discussed for m > 3. Many properties
of We,.(T') have been studied by some researchers under the assumption
that W, (7') is convex. Other researchers studied W, (7)) without dis-
cussing its convexity. This study has shown that W,, (7T') is always convex
by first establishing several equivalent formulations of the joint essential
numerical range for T € S(X)™ then showing that W, (T) is star-shaped
with the elements in W,, (T") as star centers. We have also shown that
We,.(T') contains the joint essential spectrum o, (T') by looking at the
boundary of the joint spectrum. Here, the joint essential spectrum o, (T')
is defined as the joint spectrum o,,(T’), where 0,,,(T) = o' (T) 0", (T)
while the left (right) joint spectrum o! (T)(o7 (T)) is the set of all

A= (A1,..., Ap) € C™ such that {T; — \;}7, generates a proper left(right)
ideal in the Calkin algebra of X.
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1.2 Literature Review

The joint essential numerical range has lots of application in mathe-
matics, mostly in solving problems in operator theory. For the purpose
of this study it was important to have a good background in functional
analysis, operator theory and general topology. Knowledge of numerical
ranges, algebra numerical ranges and the joint essential spectrurri was

most important for this study.

Numerical ranges of a single operator 71" has been greatly studied and
its properties determined. In [ 13, 28, 29, 32, 33, 39 |, it was established
that this numerical range of a single operator 7" is convex and its closure
contains the spectrum of the operator 7. For a normal operator 7', they
established that the closure of the numerical range is the convex hull of
the spectrum of 7. It was also shown that the numerical radius is norm
equivalent to the operator norm || 7' || which satisfies § || T' || < w(T") <
1T .

Much work has also been done on the algebra numerical range and its
properties. In [13] for instance, F. F. Bonsall and J. Duncan showed that
the algebra numerical range is a compact convex subset of a complex

plane.

It is worth noting that much has also been done on the essential nu-
merical ranges [ 10, 27, 34 |. The essential numerical range for m = 1 was
introduced and studied in [27] by P. A. Fillmore, J. G. Stampfli and J. P.
Williams. It is therefore known that the essential numerical range of T'

is contained in the closure of the numerical range of 7. This knowledge
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and much more about the essential numerical range was vital for this
study. The joint numerical range of T" has too been studied by several re-
searchers. Convexity of the joint numerical range and that of the closure
of the joint numerical range was studied by several researchers and con-
cluded that the closure of the joint numerical range is usually non-convex
while the joint numerical range is convex for m = 1 and is not convex in

general for m > 2, [ 8, 13, 14, 19, 27, 32 ].

The study of the Joint essential numerical ranges has captured great
interest especially in [ 17, 38 | in which it was defined and several of its
properties examined. It was thus unexpected for the set of the joint essen-
tial numerical range to be convex since it is an intersection of non-convex
sets. This could be the reason why convexity of the joint essential numer-
ical range is rarely discussed for m > 3. Many properties of W, (T') have
been studied by some researchers under the assumption that the joint
essential numerical range ié convex. Other researchers studied the joint
essential numerical range without discussing its convexity. This study,
being an extension of the study of the numerical ranges, has determined
that the properties of the numerical ranges also hold for the joint essen-
tial numerical ranges. In particular, the study has shown that the joint

essential numerical range is always a convex set.

It must be noted that much has also been done on the joint essen-
tial spectrum. In the case of a single operator, the boundary points of
the numerical range of an (self-adjoint) operator belong to its spectrum;
consequently in the finite-dimensional case, they are in fact eigenvalues.
Abramov [1], Buoni and Wadhwa [16] have investigated the relation be-

tween the joint spectrum and the joint numerical range. Abramov [1]
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showed that the conical point of the closure of the joint numerical range
of an m-tuple of operators T' = (11, ..., T;,,) belongs to the joint approxi-
mate point spectrum of 7. Dash [23] studied the relationship between the
joint essential spectrum and the joint spectrum and showed that the two

are equal. This fact was useful in the sequel.

In this study, we also showed that the joint essential spectrum is con-
tained in the joint essential numerical range. This study relied heavily on

27].

1.3 Statement of the Problem

The properties of W, (T') have not been exhaustively studied. It was
not clear whether the general properties of the numerical ranges hold for
We,.(T'). This study therefore investigated whether the properties of the

classical numerical ranges also hold for the joint essential numerical range.

1.4 Objectives of the Study

This study was aimed at:

1. Determining whether W, (T) is a compact convex set.

2. Investigating whether W,,(T") is always star-shaped with elements

in W, (T) as star centers.

3. Investigating whether o, (1) C W, (T)
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1.5 Significance of the Study

The study of the joint essential numerical ranges is of great interest to
mathematicians since its knowledge plays an important role in solving
several problems in operator theory. This study was an extension of the
study of numerical ranges. We sincerely hope that the results obtained
will be vital in the development of the research on numerical ranges and
may also be applied by mathematicians in solving several problems in

operator theory.

1.6 Research Methodology

To obtain the results, we first proved many equivalent definitions of
the joint essential numerical range. This study then showed that the
closure of the joint numerical range is star-shaped with the elements in
the joint essential numerical range as star centers. To determine whether
the joint essential spectrum is contained in the joint essential numerical

range, this study looked at the boundary of the spectrum.



Chapter 2

Basic Concepts

2.1 Introduction

In this chapter, definitions essential to the study are simplified and given.

2.2 Normed and Banach Spaces

Definition 2.2.1
A real valued function

|.]:V—-R

is called a norm on a vector space V if it satisfies the following properties:

i) [z )|z 0VzeV
(i) |z]l=0 = 2 =D
(iii) | az||=all|z]] Yz € Vand a €K

(iv) lz+yll<llzl+ ||yl Vz,y €V (Triangle inequality)
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| . | denotes the usual absolute value. If || . || is a function with properties
(iii) and (iv) only it is called a semi-norm.

Definition 2.2.2

A normed space X is a vector space with a norm defined on it. We denote
it by (X,] . |)). f K = R it is a real normed space. f K = C it is a
complex normed space.

Definition 2.2.3

A sequence (z,,) is a Cauchy sequence (or fundamental) if Ve > 03 N =
N(e) such that for alln,m > N=||z, — 2, || < e

Definition 2.2.4

A normed linear space X is said to be complete if all Cauchy sequences

in X are convergent.

Definition 2.2.5

A Banach space is a complete normed space.

Definition 2.2.6
An inner product space is a linear space X together with an inner product

{,) : X x X — K where K = R or C such that,

(i) (Az+py2)=A(z,2)+u(yz2)

(iii) (2,2 ) > 0 with equality only for z = 0, the zero vector.

The function (, ) is called an inner or scalar product. We denote the inner
product space (or sometimes a pre-Hilbert space) by ( X, (,) ).
Definition 2.2.7 '

The norm || . || in X given by || z || = /{z, z) is called the norm defined

by the inner product (,) in the inner product space X.
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Definition 2.2.8

A Hilbert space (X, (,)) is a strongly complete inner product space.

Definition 2.2.9

A subset S of vectors of X is said to be orthonormal if
)| z||=1Vz € S

(ii) (z,y) = 0ifz # yandz,y € S
Definition 2.2.10
An operator is a mapping from a vector space X to a vector space Y over

the same field that preserves the algebraic properties of the vector spaces.

Definition 2.2.11

An operator T is linear if:
(i) The domain D(T) is a vector space and the range lies in the vector
space over the same field.

(ii) For all z,y € D(T') and scalar A, a € K,

TAz + ay) = Xz + oTy.

Definition 2.2.12
A linear operator T': D(T') — Y, where D(T") C X, is said to be bounded

if there is a real number m > 0 such that

Tz || < m||z]| Yz €DT) (2.1).
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| ere, the norm on the left is that of Y, and the norm on the right is that

“of X. The norm of the bounded linear operator T is

T
ITh= swp IZEL
z€D(T) : z#0 “ z ”

With m = || T ||, the above formula, (2.1) becomes

[Tz | < T[]l

Definition 2.2.13

The adjoint of a linear operator T € B(X) is a linear operator T* € B(X)
defined by the relation (T'z,y) = (z,T*y) Yy,z € X.

Definition 2.2.14

A bounded linear operator T': X — X on a Hilbert space X is said to
be

Self-adjoint or Hermitian if T* = T,

Normal if TT* = T*T,

Unitary if T is bijective and T* = T,

Hyponormal if T*T — T'T* > 0 or equivalently, | Tz || > || 7%z ||
¥z e X,

Definition 2.2.15

If M is a closed linear subspace of the Hilbert space X then X is the
orthogonal direct sum of M and M*, and we write X = M @& M. If

every z € X is written uniquely in the foomz =y+2 :y € M, z € M+,
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f‘or a Hilbert space X, P € B(X) is called an idempotent if P? = P.

3 If P is an idempotent, then so is 1 — P.

-{' Definition 2.2.17

'r: A functional is a mapping from a Normed space X into the scalar field R
or C.

A functional f : D(f) — K is linear if it’s domain is in a vector space
'_ , X and the range is in the scalar field K of X.

~ Definition 2.2.18

A linear functional f : X — R or C is said to be bounded if there exists

1 ': a real number m > 0 such that
| f@)|< m]z] Ve € X (2.2).

Furthermore, the norm of f is

I fll=sup | f(2)].

zeD(f) : |z||=1
With m = || f ||, formula (2.2) now implies

[ f@) <l fIell

We shall denote the set of bounded linear functional by A*.

fan X B L7
Rt ""1}/7

IMASENﬁ UVE
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i S.
- Definition 2.3.2

‘A pre-compact subset in a normed linear space is one whose closure is

:_I A linear map 7' : X — Y, where X and Y are a pre-Hilbert space and a
I_ Hilbert space respectively, is compact if it maps the unit ball in X to a
pre-compact set in Y.

i quuivalently, T is compact if and only if it maps bounded sequences in X
I to sequences in Y with convergent subsequences. That is, 7' € B(X) is

- compact if for every bounded sequence (z,,) € X, the sequence (Tzp,) € Y

~ has convergent subsequence.
Compact operators on X will be denoted by K(X).

" A compact linear operator is continuous, whereas the converse is not
:j always true.

beﬁnition 2.3.3

The rank of an operator is the dimension of its range. An operator with

finite dimensional range is therefore of finite rank.
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e identity operator on a Hilbert space X is compact if and only if X

finite dimensional.

24 Algebras

* Definition 2.4.1
- An algebra over a field K is a vector space A such that for each ordered
pair of elements x,y € A a unique product zy € A is defined with the

' ‘properties:

() = )
- 2(y+z) = zy+a2
(z+y)z = zz+4yz

a(zy) = (azx)y = z(ay)Vz,y €X,a € K, K=RorC

A normed Algebra is a Normed space A4 which is an Algebra such that
_.17' Vo, y € A

Dllzyll<lizllyl

- ii) and if A has an identity e, then || e || = 1

A Banach algebra is a complete Normed algebra.
Definition 2.4.2

- A subalgebra of an algebra A is a vector subspace M such that V z, T €
M, we have zz' € M.
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~An involution on an algebra A is a mapping * : A4 — A defined by

(i) (z+y) =2+
(i) (\z)* = A

*

(i) (zy)* = y'z

(iv) (&) =«

*-algebra or an involutive algebra is an algebra A with an involution.
Definition 2.4.4

A Banach *-algebra is a Banach algebra A with an involution satisfying
the property

[zl=1z"],VzeA

Definition 2.4.5

A *-algebra (with identity) is called symmetric if e + z*z has an inverse
for every x € A.

Definition 2.4.6

C* - algebra is a symmetric Banach * - algebra A such that || zz* || = ||
:1;”2 Ve A

Definition 2.4.7

A positive linear functional is a linear functional f on a Banach algebra

A with an involution that _satisﬁes

flzz*) > 0Vz € A.
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ion 2.4.8

(or right) ideal in an algebra A is a vector subspace M C A such
nat for all z € A and y € M, zy € M (or yz € M).

ideal in A is a vector subspace that is both a left and right ideal in

Convex and Star-shaped Sets.

ition 2.5.1
A subset C' of a linear space M is convex if V z,y € C the segment

ing z and y is contained in C, that is, tx+ (1 —t)y e CV t€[0,1].

t S is starshaped if 3y € S such that V2 € S the segment joining
nd y is contained in S, that is Az + (1 - ANy €S VAe[0,1].

oint y € S is a star center of S if there is a point € S such that the

ent joining = and y is contained in S.

apedness is related to convexity in that a convex set is starshaped
h all its points being star centers. A starshaped set is not necessarily

VeX.

ecall that a subset M of C is connected if it cannot be split into two

pty open sets.
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Strict convexity is automatic for Hilbert spaces.

Definition 2.5.3

If M is a subset of a linear space X, then a convex hull M, represented
by conv(M) is the smallest convex subset of X containing M and is thus

the intersection of all convex subsets of X that contain M.

2.6 Numerical Ranges and the Spectrum

Definition 2.6.1
The numerical range of a bounded single linear operator 7" on a Hilbert

space X is subset of the complex numbers given by

W(T)={{Tz,z) : z€ X, ||z |=1}

Theorem 2.6.2

For any operator T on X, the following properties hold:

() W(al+8T) = a+pW(T) Ya,BeC.
(ii) W(T*) = {X : X e W(T)}.
(iii) W(U*TU) = W(T) for all unitary operators U (i.e. U*U = I =

UU*).

P. Halmos book [29] has a detailed account of this subject.
Definition 2.6.3

The spectrum of an operator T' is defined as

o(T)={X € C:T — X is not invertible }.
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nition 2.6.4

‘The resolvent set p(T") of the operator T is defined as

p(T) ={X € C: T — Xl is invertible }.

- See Gustafson and Rao [28] for the proof.
 Theorem 2.6.6
(Toeplitz-Hausdorff). The numerical range of an operator is convex.

¢

e Gustafson and Rao [28] for the proof.
' -rvaheorem 2.6.7

" The spectrum of an operator is contained in the closure of the numerical
range. |

This was proved by Gustafson and Rao [28] by looking at the boundary
of the spectrum which is included in the approximate point spectrum.

A Definition 2.6.8

j An operator T' € B(X) is convexoid if

W(T) = convo(T).

;g Here conv o(T) is the convex hull of the spectrum of 7.
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ition 2.6.9
umerical radius w(7T") and the specfra.l radius 7(7") of the operator

defined as follows:

.

w(T) = sup {|A s Ae WD)} = sup{|(Ta.z)l, o)l =1}

r(T) = sup {|A\| : Aeo(T)}.
ition 2.6.10
\n operator T € B(X) is

(i) spectraloid if w(T") = r(T)
(ii) normaloid if || T ||= »(T)

T =1r§ m=12,.)

[almos [29] showed that the classes of normaloids and convexoids are
h contained in the class of spectraloids.

ition 2.6.11

oint A = (Ay, ..., \) € Wy, (T) is an extreme point if A is not in any

n line segment contained in W,,,(T).

 known that a set of extreme points is contained in a set of boundary
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a bounded normal operator 1" on a Hilbert space X, the extreme

points of the closure of the numerical range are in the spectrum of 7.
This is from the fact that the convex hull of the spectrum is the closure
of the numerical range and because the extreme points of the convex

ull of a compact set are in the compact set.

ee Berberian [11] for this and more.
- Theorem 2.6.12
f'jEVer extreme point of the numerical range W (T') is an eigenvalue of the

i‘@pectrum o(T).

' See J.G. Stampfli [39] for the proof.
" Definition 2.6.13
- An operator 7' € B(X) is paranormal if

| ITe |2< || T% | | o] VzeX.
 Definition 2.6.14

The algebra numerical range of an arbitrary element a € A is defined by

Vie) = {f(a) : f €A f(I) =1 = fI}

space X, and let 7 be the canonical projection from B(X) onto the Calkin
;;.ea;lgebra B(X)/K(X). Denote also by || . ||e the essential norm || T || =



PTER 2. BASIC CONCEPTS 21

The essential numerical range W,(T") of T is defined by
We(T) = V(=(T), B(X)/K(X), || - lle)

".7 T € B(X) and X is infinite dimensional space.

; _ﬁpition 2.6.16

Let B(X) denote the set of bounded linear operators acting on the com-
x Banach space X. An operator 7' € B(X) is said to be Fredholm if it

closed range with finite dimensional null space and its range of finite

shall denote the null space and range of 7' by N (T') and R(T") respec-
tively.

l he index of a Fredholm operator 7' € B(X) is given by

i(T) = a(T) - A(T)

%?here a(T) = dim (N (T)), and B(T) = codim (R(T)).
Definition 2.6.17

P'

An operator T € B(X) is called Weyl if it is Fredholm of index zero.

:An operator 7' € B(X) is called Browder if it is Fredholm and 7" — AI is
invertible for A # 0 € C.

- Definition 2.6.18

The essential spectrum o,(T'), the Weyl’s spectrum ¢,,(7) and the Brow-
;‘der’s spectrum o3,(T') are defined by
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)= {A&C: T — Al is not Fredholm }
{AeC:T — A is not Weyl };

)={A € C:T — )\ is not Browder }.
tion 2.6.19
; spectrum oy, (a) of a commuting m-tuple of elements a =

) € X is defined as
om(a) = ol,(a) U o}, (a)

 left (right) joint spectrum o), (a)(o7,(a)) is the set of all A =
€ C™ such that {b;—\;}7*, generates a proper left (right) ideal
n algebra and b; = 7(T;) is the coset containing 7; Vi € [1,m]

e canonical homomorphism from B(X) to the Calkin algebra

'F. F. Bonsall and J. Duncan [13] for the notion of the joint

2.6.20

sential spectrum of an m-tuple of operators T = (11, ..., T,)

e, (T') is the joint spectrum o,,(a) of a = (ay, ...,an) € X.

(T)(o?,(T)) is known as the left (right) joint essential spectrum
by ol (T)(ol (T)). The o, (T) is a nonempty compact
™ for an m-tuple of essentially commuting (commuting modulo

pact) operators T = (T, ..., Ty).

o
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to A. T. Dash [23], the joint essential spectrum o, (T) of

) is equivalently defined as

0en(T) = 0, (T) U oy, (T)

- (A1, oy Am) 2 Bi(Th = M) + ...+ Bp(Th — M) is not
m operator for all operators B = (By, ..., B,) on X }

Oy ey A) ¢ (Ti=MDBy 4o+ (T — A)Bum is not
lm operator for all operators B = (B, ..., By,) on X }.
n 2.6.21

J‘E; (A1, Am) € C™ is the joint approximate compression
0.(T) of T if and only if there exists a sequence {z,} of unit

such that
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e point spectrum o, (7') of an operator T = (T4, ..., Tp,)
= V’Q\i,---,/\m) € C™ such that for a sequence {z,} of unit

have
i— L)z, ||—0 (n— o), i=1,..,m.

: point spectrum) , 0,(T"), of an operator T' = (17, ..., T,y,)

A1, s Am) such that for a nonzero eigenvector z there is

...y Am) € F there exists a closed convex cone K with vertex
B -k - A, we shall call the point A a conical point
d subset K C C™ satisfies the following properties:

grall o > 0,
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(3) KNn(-K) = {(O,..T,O)}.
Definition 2.6.25
For any m— tuple T' = (13, ..., T),) of operators, the joint operator norm,
joint numerical radius, joint spectral radius and joint approximate point
spectral radius respectively, of T are defined by:

IT N = sup {(| Tiz P+t | Tz |7)/2 c 2 || = 1},

wn(T) = sup {(| ( T2,z ) P+t | (T2 ) P2 | 2 || = 1},

Tm(T) = sup {(| M 2 +..4 | Am D)2 : X €0(T)},

re(T) = sup {(| A 2 4ot | Am [D)Y2 1 A € 0n(D)}.



Chapter 3

Numerical Ranges

3.1 Introduction

- The concept of numerical range or the classical field of values on a Hilbert
3 space was first introduced by Toeplitz in 1918 for matrices. In 1962, Bauer
' introduced the notion of numerical range on finite dimensional Banach
, spaces. The subject of numerical range and numerical radius has con-
'- nections and applications to various areas such as C*-algebras, iterations
methods, Krein space operators, factorisation of matrix polynomials, di-
~ lation theory and unitary similarity which all constitute an active field of
~ research in operator theory [ 5, 7, 9, 12 ]. For a bounded linear operator
T on a Hilbert space X, the numerical range W (T') has been studied by
B various writers and its properties given. It is therefore known that W (T')
is bounded (not neceSéarily closed) convex set whose closure W (T) con-
tains the spectrum o(7") of T If T is normal, W = conv ¢(T) and T
'- is said to be convexoid. Furthermore, the extreme points of W(T') are

“eigenvalues of T'. See [ 16, 18, 19, 28 | for these and more details.

26
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.:‘;;iotion of the joint numerical range W,,(T") was investigated by
[29] and Dash [22] among others. They sought to find out how
he knowledge about the numerical range in the single operator
ried over to the analogous situation in the case of an m-tuple
tors. Studying convexity of W,,(T"), researchers concluded that

was convex for m = 1 and not convex in general for m > 2.

first section of this Chapter focuses on the numerical range of two
ar operators on a Hilbert space. The study has in this first section
owed that the properties of the numerical range of a single operator
;ilold for the numerical range of two operators. The second section of

?éhapter will focuss on the joint algebra numerical range.

Numerical Range for two Linear Oper-

ators.

finition 3.2.1
joint numerical range W (T, A) of two linear operators 7, A € B(X)

re X is a Hilbert space is defined as

';»; WIT, A) = {{ Tz,z),{ Az, 2) : 2 € X {g;z)= 1}

| -

The numerical radius w(T, A) is defined by

w(T,A) = sup {|]A\| : Ae W(T,A)}.

:"} i

"The spectrum o (7T, A) of two linear operators 7" and A is defined as

"‘ A
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o(T,A) = {A € C : ((T — AI) (A— AI)) is not invertible }.

The spectral radius (T, A) is defined as

r(T,A) = sup{|A| : A € o(T,A)}.

The joint eigenvalue (point spectrum), o,(T), A), of the operators T, A €

B(X) is a point A € C such that for a nonzero eigenvector x there is
(Tx — Az)(Az — Az) = 0.

The joint approximate point spectrum o, (7, A) of the operators T, A €
B(X) is a point A € C™ such that for a sequence {z,,} of unit vectors in

X with || zp, ||= 1 we have

(T = Nam | | (A=A)zm [[— 0 (m — o0).

The followipg theorem, whose proof was adopted from Charles Amelin
[3], shows that the numerical range of two linear operators is convex.
Theorem 3.2.2- |

WA(T, A) is a convex set.

PROOF. Let (71,72) € W(T, A). Let also (y1,y2) € X such that ( Ty, 11 ) =
Y1, ( Ty2,92 ) =\’72, ( Ayr,y1) = land ( Ays,y2 ) = 1. Consider the
binary forms C; : C x C — C, i = 1,2 defined by

Cilon,a0) = (T(aqyr + aoya), (a1yr + asys))
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= Moy + oae (Tys, v ) + @ (Ty1, Y2 ) + Yeqeds,
'}i@haz) = (A(a1yr + 09y2), (ayr + a2yp))

= oma + 0o (Ays, 1 ) + ot (Ayr, Y2 ) + ols.

is to be shown that Cy = 1 while C; assumes every value on the line

egment that joins 7, and 7,. To do this, for

(M — 7)oz = (Ty2, 1) — % Ay2, 11 )

m — r2)aar = (Ty,y2) — Y2 Ay, 92 ),

that

4
B

C; — 7C _ s _
C(al,ag) = —;—% = 10 + Q1o (g —+ Q91 (10,
1 = )2

Then, for C; to exhibit the above behaviour, it must be shown that while
= 1, C takes on every real value from 0 to 1 inclusive. Choose w of

modulus 1 such that

Re( Ay1,y2 ) @ >0 and

(a2 — @) w is real.

For real variables m and n, let oy = m and as = wn. Let t = ways + Dagy
/

bereal and z = Re (w ( Ays, 41 )) > 0. Thus C = m? + tmn and

Cy=m? + 22zmn + n% Solving for Ca(m,wn) = 1, we obtain

n=—zm £ /14 (22— )m?
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which is real valued for m € [—1,+1]. Now n is a function of m. With the

above value of n, the form C becomes

C = m?(1-t2) £ tmy/1+ (22— 1)m2.

We can let C,(m) = C(m,wn). For m € [0, 1], C,(m) is a continuous real
valued function with C,(0) = 0, C,(1) = 1 so that C,(m) assumes all
values between 0 and 1 as we had desired. g
We now abbreviate the essential numerical range of two linear operators
T,A € B(X) by W(T, A).

Deﬁniigion 3.2.3

The essential numerical range, W, (T, A) of two linear operators 7" and A

is defined as

We(T,A) = ({W((T,4) + K) : K € K(X)}.

Theorem 3.2.4

Let T' be nonnegative, self-adjoint operator and TA = AT. Then
) We(T, A) C We(T) We(A)

PROOF. Suppose p € W(T, A), we must show that up € W,(T') W.(A).
There is a sequence of unit vectors (z,,) € X converging weakly to 0 € X

such that -

(T oy T} (Ao ) —> .

Let.e,, = T%xm. There is e, = 0 for some subsequence such that 0 €

W (T, A) and 0 € W (T) W(A). If not, let e, # 0V m. Let y,, = T2
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Thus (yn,,) € X is sequence of unit vectors converging weakly to 0 € X

such that
((Aymvym> <Txm,a7m>) ===,
Since <Aym, ym> & We(A), ue We(T) We(A) ‘ 0O

Theorem 3.2.5

The joint approximate point spectrum o, (T, A) is contained in W (T, A)

PROOF. Suppose A € 0,(T, A). There is asequence x,, € X : ( ATy, Ty ) =
land || (T = Nz | | (A= Nzw |[— 0 (m — o0).
Then, by Schwarz inequality,

|(< Ty T } { Ay T >) - = |(< (T - A)wm’xm> <A —~ A) B By 1)
| (T = Nam | | (A= Nam |

IN

Thus ({( T, Tm ) { AT, Tm ) — A as m — oo.

Therefore, A € W(T, A)
and
o.(T, A) C WA(T, A).

O
The immediate consequence of the above theorem is the next corollary
which we state without proof.
Corollary 3.2.6

Conv o,(T,A) C W(T, A).

Here Conv 0, (T, A) denotes the convex hull of the joint approximate point

spectrum of the two operators 7" and A.
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Recall that the point spectrum o,(7, A) is contained in the spectrum
o(T, A).

Recall also that the essential spectrum is a subset of the spectrum and
its complement is called the discrete spectrum.

Theorem 3.2.7

1 Spectrum o(T,A) C W(T,A)

PROOF. We look at the boundary of o(T, A). Let A € 0o(T, A) where
00(T, A) is the boundary of o(T, A). We need to show that A\ € W (T, A).
From Halmos, [29], A € do(T, A) is contained in o, (T, A). Since W (T, A)
is convex by Theorem 3.2.2, it suffices to show that o, (7, A) is contained

in W(T, A). Theorem 3.2.5 completes our proof. O

3.3 The Joint Algebra Numerical Range

The study of the algebra numerical range of an element a € A where A
is a complex normed algebra with unit has drawn the attention of many
researchers. .For instance, F. F. Bonsall [13] showed that this algebra
numerical range is a compact convex subset of the complex plane and
that it contains the spectrum o(a) of a. In this section, the properties of
the joint algebra numerical range of an arbitrary element a were examined
and results obtained. -

" Definition 3.3.1 )

Let A be a C* -algebra with identity 1. A linear functional f is a state
if f(z*x) >0V ze Aand || f||= fUI).If| f||=1 then f is called a
normalized state. The set of all states of A is denoted as P(A) or P.
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States separate points of A.

Recall that P is nonvoid, since by Hahn-Banach theorem, there is
feA : fle) =1 =] f] (A*is a set of all bounded linear
functionals on A).

Also, P is a convex set for the w*-topology. See [25] for this and more.

An element a of a unital Banach algebra A is hermitian if V,,(a) C R.

Also a is strongly hermitian if a and a? are both hermitian.

If a = h+ ik where h and k are (strongly) hermitian and hk = kh,
then a is (strongly) normal.

See K. Mattila [36] for these and more.

Theorem 3.3.2

Vin(a) is a nonempty convex and compact set.

PROOF. We first show that V,,(a) is nonempty. By Hahn-Banach the-
orem, P # 0 since there is f € A* : f(a) # 0 and || f ||= 1 for
a = (ay,...,an). Thus f(a) € V,,(a) and hence V;,(a) # 0.

To show convexity, let f, fo € P, A € [0, 1]. Let also,
f = X1+ (1=X)fo. But Pis convex and f € P. Also, f is linear,
positive and || f || = 1 giving f(a) = Afi(a) + (1 = A)fa(a) € Viu(a).

For compactness, since the map
a® : {f — f(a), (P, w* — topology) — C} is continuous, P = V,,(a) is

compact.
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REMARK 3.3.3
The joint essential spectrum, o, (7'), of an operator ' € B(X) is con-

tained in the spectrum o(7").

If there is no confusion, we will in what follows, use the arbitrary
element 7" instead of the element a when dealing with the algebra

numerical range. It should therefore not be construed for the operator 7'

Proposition 3.3.4
a(T) C Vi (T).

PROOF. From the definition o(7') = {\ € C : (T'— ) is not invertible}. It
must therefore be shown that A € V,,,(T'). Now, (T'—\) is not left invertible
implies 1 € A(T — A). For an arbitrary = € A not left invertible, we have
(T — \) and (z'2(T — ) = (z'z)(T — A) is impossible). By Neumann
series (1 — (1 —y)™'), y is invertible if y € A and || 1 — y || < 1. Thus,
Vee A, ||[1—z(T - )| > 1. We construct f € P : A= f(T).
Choosing f € A*, by Hahn Banach theorem, we obtain

. Yz eA fl@(T-N)=0, f(I)=1.

Given z € A,n € C, let y = (T — A\) + n such that f(y) = f(n) = n.
Suppose 77 # 0, then || y || = || 7 I 1+n7e(T = A) | = || o |
implying that |f(y)] < ||y || . Hence | f || = 1, f € P. If z = 1,
then, f(T'— \) = f(T) — A = 0 implying that A = f(T") € V,,,(T). Thus

o(T) C V(D). 0
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Theorem 3.3.5
Oem (T) € Vun(T))

H
|

'YROOF. From remark 3.3.3 and Proposition 3.3.4, it is clear that o, (T) C
B..(T). O
~ Theorem 3.3.6

| For an operator T = B(X) where X is a complex Hilbert space and
a =T € B(X), the joint algebra numerical range V,,(T') equals the
closure of the joint numerical range Wy, (T), i.e Viu(T) = Wi (T)

PRrROOF. To prove the above theorem, the following result by S. Mecheri
[37] is needed.

Proposition 3.3.7

] 1
sup{ Repi, p € Vn(a)} = inf(z(| 14ta || =1)) = lim (( 1+4a | ~1).
PROOF. Let h = sup{Reu,n € V;,(a)} = sup{Ref(a), f € P}. Then,
Vy> 0, 1+tRef(a) < |14+tf(a)] = |f(1+ta)] <||1+ta]l.

Thus 4
i 1
h < inf{(G(1 1+ ta | D)}

Let m = infyo{ ($(]] 1+ta || =1))}. Therefore, h < m.

7

Conversely, let © € A be such that ||z || = 1, f € A* and
f(z) = || f ]| = 1. Consider the map g : A — C defined by
9(y) = f(yx). Then g € P and g is linear and lg)| <y, (1) =1.

MASEN” !!N'\/"
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| (1—ta)z || > f((1—ta)z) > 1—tRef(az)=1—tReg(a) > 1— th.
herefore,
|G-t | > A—th) |z Ve e X

et ¢ = 1 4 ta, then,
A=th) |(L+ta) [ < || (1 -ta)1+ta) | < (1+8) [la]?.

~ Now, let t < h~L.

- Then,

h+t]al?

<t Y 1+ta] =1) <
m < (14t -1) € ——

and

.. h+t]al? .. h+t]al?
2 qpp HEUEN, g cep WEEL G
WE RS T 1w

Thus, there is lim;_o+(3(]] 1 + ta || —1)). O

To prove Theorem 3.3.6, proposition 3.3.7 is applied to show that,

1

!
sup{Rep, p € Viu(T)} = lim (o (|| 1+¢T || 1))
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y the same way as the first part of the proof of proposition 3.3.7, the

ap 2" : B — (Bz,z), B(X) — C is an element of P. Letting

1
hy = sup{Reu,p € Vi,(T)}, m = tlir&(z(ll 1+tT || -1)),

Let T be an m— tuple self-adjoint operator. Then W, (T) = W, (T) if
‘and only if Ext(W,,(T)) C W, (T) where Ext(W,,(T)) denotes the set

of extreme points on Wy, (T).

PROOF. Let Ext(Wn(T)) C W, (T), then
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Ext(W,,(T)) C W, (T). Therefore,

W) € conv(Bat(Win(T)) € conv(We,,(T)) = Wa (T).

~ But W, (T) C W,,(T),

 thus W,, (T) = Win(D)
- Conversely,

W, (T) = Wy, (T), then
Ext(Win(T)) C Win(T) C W, (T).

Thus we have Ext(W,,(T)) C W, (T).

Theorem 3.3.9
|14 (T) o Vm(T)

€m

ProoOF. This is clear from Theorems 3.3.6 and 3.3.8 O




Chapter 4

Joint Essential Numerical

Range

4.1 Introduction

_. The essential numerical range W,(T) of a single operator T is defined as
" the algebra numerical range of the coset T+ K(X) in the Calkin agebra
,  B(X)/K(X) where K(X) is the ideal of all compact operators on X. In
| [13], Bonsall and Duncan proved that W,(T') is nonempty, compact and
~ satisfies We(T>+ B) = W(T') + B for any scalar . Further, they showed
- that 0 € W,(T) if and only if T' is compact.

1 The joint essential numerical ra/nge We, (T) of an m-tuple of operator
T = (T,...,T,,) € B(X) was studied in [17, 38] among others. While
discussing the properties of W, (T'), researchers did not show whether the
] general properties of numerical ranges hold for this set i.e whether it is
j’ compact, convex and contains the joint essential spectrum of the operator
T. The first section of this chapter has shown that We, (T) C Wn(T)

~ and that W.,.(T) is a compact convex set. To prove convexity, this study

MASE —
[Wnsmr/’
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came up with several equivalent definitions of W, (T') using the work
done in [27] on a single operator T' € B(X). Since W,,,(T") is not convex
for m > 3 and W, (T) iS the intersection of non convex sets, it was
showed that W,,,(T) is star shaped and each element of W, (T) is a star

center of W,,,(T"). This, together with the above equivalent definitions led

to the main result of the research that W, (7T') is a compact convex set.

4.2 Joint Essential Numerical Range

The following theorem shows the relation between the joint numerical
range Wy, (T) of T, its closure W,,(T) and the joint essential numerical
range We, (T'). One conse(iuence of the theorem is that W,,(T) is closed
if and only if W,,_(T) C W, (T).

Theorem 4.2.1

Wn(T) = conv (Win(T) U W, (T)).

Here conv denotes the convex hull.

PRrROOF. From the properties of the joint numerical range, it is linear and
so Win(BT + @) .= BWn(T) +a V B,a € C. Also, an arbitrary element
T = (Ty,..,T,) of a unital algebra A has a joint algebra numerical

range V,(7T) defined as

Vn(T) = {f(T), ... f(Tw) : FEeAFUI) =1 =|FII}

where a linear functional f is a state and A* is a set of all bounded

linear functionals on A. By Theorem 3.3.6, V;,(T') = W,,(T). The joint
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essential numerical range of an operator T = (T3,...,T,,) € B(X) is the
joint algebra numerical range V;,,(7(7)) of the coset in B(X)/K(X) that
contains T'. Here, 7 is the canonical projection from B(X) to the Calkin
algebra B(X)/K(X) and K(X) is the ideal of all compact operators on

X. This joint essential numerical range is denoted as

We, D) = (Wl +K) : K = (K,,...Kp) € K(X)}.

W(T) and W, (T) are therefore obtained by evaluation of all states of
B(X) (that vanish on K(X)) at the operator 7. From Dixmier [25], every

state f on B(X) is convex with the form

f =Moo+ {1 =X)fa

where A € [0,1], fo is a state that annihilates C(X) and f4 is a state in-
duced by the nonn‘egative trace class operator A : fa(Y) = trace(Y A)
for Y € B(X).

Therefore W,,(T) is the convex hull of W, (T') and the trace class numer-
ical range consisting of the numbers f4(T"). We then show that the trace
class numerical range consisting of the numbers f4(T) is just W,,(T).

The operator A has a spectral decomposition A = X\, (", zp )T where

the z,, is an orthonormal set, \,, > 0, and X\,, = 1. Consequently

]

- fa@) = EA( T2, 2 ) 2 i=1,..,m

belongs to W,,(T') because any convex subset of the plane (or R™) contains

convex combinations of its countable subsets. O
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Corollary 4.2.2
Win(T) is closed if and only if W,, (T) C Wy (T).

PROOF. Suppose W,,,(T) is closed,
then W, (T) C W,,(T) = conv Wp,,(T) = W, (T).
Conversely, if W, (T') C Wy, (T), then W,,(T') = convW,,,(T) = Wy (T).

O

Theorem 4.2.3
Let X be an infinite dimensional complex Hilbert space and T = (T4, ..., T,) €
B(X). Let r = (rq,...,7) € C™. The following properties are equivalent:

(1) reW, (T) = Wl + E) : K = (K1, ..., Ki) € K(X)}.

2) reN{Wn(T+F):F=(F,..F,) € F(X)}. Here, F(X) is a set
of finite rank operators in B(X).

(3) There exists an orthonormal sequence of vectors {x,}>2, € X such

that

(Txp, T, ) —

(4) There exists a sequence of unit vectors {z,}>, € X converging

weakly to 0 € X such that

(T, ) — 7.

(5) There exists an infinite-dimensional projection P such that
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P(Ty=r; )P e K(X) forj =1,.... k.

PROOF. First, we show that (1) implies (3). Let r € W, (T), then there

is a sequence {z,} of vectors such that
(Txp,xn) — 1, |20 || = 1, zn — 0 weakly.

Suppose we have chosen the set {z1, ..., z, } satisfying |( Tzp,z, ) — 7| <
%, V i. Let M be the subspace spanned by z,,...,z, and P be the

projection onto M. Then we have || Pz, || — 0 as n — oo. Let
o = | (=P | (I = P)a)
We have
To = | (I - Plan | (T = P)an).

This gives

(Tzn,20) = (| (I = P)zn |7 (T = P)zp), || (I = P)zn |71 (T — P)zn))
= | (I — P)x, |72 {{T 20, zn) — (T2, Pxy) — (T Py, 1)

—}—(TP:cn, Pzx,)} —r.

We choose n-large enough such that

I(Tznazn> "TI < et
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If we let 2, = z,,1 we get

K Il B = 7] < ——]

To prove that (3) implies (5)
Let {z,} be an orthonormal sequence with ( T'z,,z, ) — 7. By

passing to a subsequence we can assume that

[0 o]

Z  Ttn, zn )|*> < 00 (4.3)

n=1

Let ny = 1. Then
Y M P50 ) P £ Tay |

n=1

and

o0

Z | { T, Ty ) '2 £ | T, ”2 .

n=1

Thus, by Bessel’s inequality, there is an integer ns > n; such that

> 1
ZI<Txmvxn>IZ< a
n=ngs 2
and .
> 1
> 1 Tap,zn, ) P < 5
n=ng -

If this procedure is repeated, a strictly increasing sequence {n;}:2, of

/K‘ASENQT?T“"\_
| < IVERSITY!
i ; Sis LR & JF :':iny,
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positive integers is obtained such that we have

d 1
Z | (Txnt’xn> l2 < '2‘{
n=nt+1
and
= 1
> N Tonan )P < o (44)
N=nNt41

(3.3) and (3.4) imply that

oo

> 1 {Ton,zn ) P < 00 (45)

£1=1

If P is an orthogonal projection onto the subspace M spanned by x,,, Zn,, ...,

then '

o0

D N PTPenzn ) P = D | (Tnyyza ) [P < 00 (by (4.5)),
tl=1 :

tl=1

hence PTP is a Hilbert - Schmidt operator and therefore PTP € K(X).

We now show that (2) implies (3).

Let {x,} be a sequence of unit vectors with x,, — 0 weakly such that

(Txp,xy ) — 1.

Suppose we have an orthonormal set of vectors {z1,...,x,} such that
|( Tn,2n )| < 3. Let P be the orthogonal projection onto subspace M

spanned by {z1, ..., z, }. In order to exhibit a unit vector z,4,; € M+ with

{ T2ps1, Tns1 )| < 5m7, we must show that 0 € Wy, (I — P)T;(I — P)| e
t=1,...,m. To do this,
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let u = (p1,.esttm) € Wio((I = P)T;(I — P)|pqe) : @ = 1,...,m and
wlpg = (prlmy ooy pmdpg). Also, let

B = (I = PYTE ~F) pts ol = PYLulT — Pl pee))
and

F = yP— PTP— (I — P)TP— PT(I — P). Here, F is of finite rank.

For P = I — P, we obtain,
plpm®B = (uP+PTVP, ..., 4P + PT,P) = T+ F;, : i €[1,m], F € F(X).

From Magajna [35], Wi, (uIm @ B) = conv(We,(ppdp) UWi(B)). There-
fore, since W,,,((I — P)T;(I — P)| 1) is convex and contains p, it follows

that
Wa(Ti + Fi) = Wa((I — P)T(I — P)|pme).

Hence 0 € W,,,(I — P)T;(I — P)|M¢ as required.

We then show that (3) implies (4).
Let {z,} be an orthonormal sequence with ( Tz, z, ) — 7. But every

orthonormal sequence {z,} converges weakly to zero and || z, || = 1.

To show that (4) implies (1).

Suppose that for a point 7 € C™ there is a sequence {z,} € X such that
(TZp,zn ) — 1.

Since every sequence {z,} — 0 weakly, and || z,, || = 1, we have

re W, (T).
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To prove that (5) implies (1), let P € B(X) be an infinite dimensional
projection such that (PT;P — r;P) € K(X), j € [1,m]. There is thus
an orthonormal sequence {z,} € X such that Pz, = z, V n. Let K =
(Ky, ..., Kmn) € K(X). Forany K; : j € [1,m], PI;P — r;P = Kj and
thus ( (PT;P — 7jP)Tn,Zn ) = ( KjTn,z, ) implying ( T;zp,zn ) =
r;i + ( KjTn, 2, ) . From the orthonormality of sequence {z,}, we get
Kz, converging weakly to 0 in norm as n — oo, j € [1,m]. Therefore,

(TjZn,zn ) — 715 88 1 — oo implying r € We,,. (T).

To prove that (1) implies (2), let r € W,_(T), then there is a sequence

{z,} of vectors such that
(Trp,zn) — 1, |20 || = 1, 2, — 0 weakly.

But W, (T) = N{Wn(T+F): F=(R,.., F,) € F(X)}, where,
F(X) is a set of finite rank operators in B(X). This implies that
re{Wn(T+F):F=(F,.;F, € F(X)}

Theorem 4.2.4
Suppose T = (T3, ..., Trn) € B(X).

(1) W, (T) is nonempty, compact and convex.

(ii) Each element r € We, (T) is a star center of W,,(T).

PRrOOF. To prove this, for the self-adjoint operators T' = (T3, ..., T,,) €
B(X), let W, (T) fulfil condition 3 of Theorem 4.2.3. We first prove that
4%

€m

(T) is nonempty. For an orthonormal sequence {z,}52, of vectors in
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X, the sequence {(T'z,,z,)}52, is bounded. Choose a subsequence and

assume that (T'x,,z,) converges. Then W, (T) is nonempty.

The compactness of W,, (T') can be seen right from its definition. The
joint essential numerical range, W, (T') is defined as the intersection of

all sets of the form
Wo(T+K) : K € K(X)

where K(X) denote the sets of compact operators in B(X). Being an
intersection of compact sets, the joint essential numerical range is also

compact.

To prove that each element r € W,, (T') is a star center of W,,,(T), it

should be shown that (1 — X) p+ Ar € W,,(T') : X € [0, 1] where
reW,, (T) and p € (W, (T). Assume without loss of generality that
| T | = 1. Suppose s € (Wp,(T) sothat s = Ar + (1 — M)p.

Let {x,} and {e,} be orthonormal sequences in X such that
= <T5L’n,.’13n>, D = (Tenaen >

and

[znll=llenll= 1.

Then,

s = MTzp,zn) + (1 =2)(Tepn,en)
= (TVA20, V220 ) + (TVI—en, V1= e, )
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= ((TVAzn + TVI=Den), VAzn + VI—=en))
I VAz, + VI=den P = (| V2za I + || VI=Den |I?)

= Mz [P + Q=X el

= A+ (1-=-X) =1

Thus, (1 —X) r+ Ap € W (T).

Convexity of W, (T') is proved by showing that for r,p € W,_(T') and
Ae 0,1, \rr+(1=XNpe W, (T). Now,re W, (T) = W,, (T +F)
for every F € F(X) and p € W,, (T) € W;(T + F). From Theorem
4.2.3 above, A\r + (1 — \)p € Wy (T + F). Thus,
M+ (1=Np € Wn(T#F): FeF(X)} = W,

€m

(),

Hence W, (T) is convex.

4.3 Joint Essential Spectrum

The concept of joint spectrum for a family of operators was first intro-
duced by R. Arens and A. P. Calderén [6]. Since then, some researchers
have asSeljted itsEdeﬁnition and properties which have been generalized
to the joiﬁt essential spectrum and in some instances to joint Browder
spectrum. The successful definitions among them have been carried out
by J. L. Taylor [41] and A. T. Dash [23]. This study has used the defini-
tion by A. T. Dash. However, it must be noted that it was shown by M.

Cho and M. Takagunchi [20] that Taylor’s joint spectrum coincides with
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Dash’s joint spectrum in the case of commuting normal operators.

Many authors showed the relation between the joint numerical range and
the joint spectrum. For instance, Abramov [1] has shown that the conical
point of the closure of the joint numerical range of an m-tuple operator
T = (Ty,...,T,,) belongs to the joint approximate point spectrum of 7" of
a family of self-adjoint operators. Studying on the boundary points of the
joint numerical range, M. Cho and M Takagunchi [19] proved that the
extreme points of the closure of the joint numerical range of an m-tuple
operator belong to the joint approximate point spectrum of the operator.
This study has in this section showed the relation between the joint es-
sential spectrum and the joint essential numerical range of an operator
T = (T4, ...,Ty). In particular, the study has proved among others that
the joint essential spectru'm of the operator T' is contained in the joint
essential numerical range of T for T' = (T, ..., T,,). To do this, the study
has made good use of the available literature above. In addition to the
above literature, A. T. Dash’s proof that the joint spectrum equals the
joint essential spectrum was quite useful in the sequel. Also important
to the study was the result by M. Cho [18] that the joint spectrum for a
strongly commuting m-tuple of operators on a Banach space equals the

joint approximate point spectrum for it.
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Lemma 4.3.1
(A. T. Dash [23])
Let d = (dy, ...,d,,) be an m-tuple of elements in a unital C*-algebra of

X. Then:

(@) A1,y Am) € 0L (dy, ..., dy,) if and only if

0¢€ O'm(Z(di = Ai) (di — X))

(b) (A1,...; Am) € 00 (dy, ..., dy,) if and only if

m

0 on(> (di— M) (di — X)),

=1

See A. T. Dash [23] for the proof.

The above result by A. T. Dash was important for the proof of the main
result in this section.

Corollary 4.3.2

For an m-tuple of operators T = (T4, ...,T,,) on X

(@) (A1, ..., Am) €0l (T) if and only if

m

0e Oem(Z(,Ti — &a) 1 — Au))

t=1

IMASEN™ TNNVERSITY)
S.G. RY |
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(b) (A1, ) €0 (T) if and only if

0 € 0un (> (T = AT = A,
i=1

See A. T. Dash [23] for the proof.
The following proof was then used by A. T. Dash to show the relationship
between the joint spectrum and the joint essential spectrum of an m-tuple
of operators.
Theorem 4.3.3
(A. T. Dash [23))

Let T = (T3,...,T,,) be an m—tuple of operators on X. Then:

(@) on(T) = o, (T) U 5,(T)

(b) o7,(T) = of (T) U 0,(T*)*, and hence we have

(€) on(T) = 0c,(T) U 0p(T*)*, where T* = (Ty,...,T%) and star on

the right represents complex conjugates.

It is well known that o} (T) = 0,(T) and o7,(T) = o5(T). Clearly,
A= (M,...; ) €0.(T) if and only if

0 € a,r(Z(Tj —X)(T5 = X))

and A € 05(T) if and only if \* € o,(T™) if and only if

m

0 € 0x(3(T; ~ M)(T — X)").

=1

See A. T. Dash [23] for the proof.
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The following Theorem by Huang Danrun and Zhang Dianzhow proves
that 0,,(T) = o,(T)
Theorem 4.3.4

LetT = Ti,...,T, be a commuting m— tuple of normal operators. Then

Omld) = Gpld )

See [31] for the proof.
Theorem 4.3.5
Let T = (T3,...,T,,) € B(X) be an m- tuple of operators. Then

conv o,(T) C W, (T).

See Wrobel Volker [44] for the proof.

It was proved that o,(7") is a nonempty compact sﬁbset of C™ by J.
Bunce [15] while Berberian [11] showed that every compact set contains
the extreme pointé of its closed convex hull.

Theorem 4.3.6

LetT = (Th,...,T) € B(X) be anm- tuple of bounded linear operators
on a Hilbert space X.

0x(T) C W(T).

PROOF. Suppose A = (A, ..., Am) € 0(T). There is a sequence z,, € X

of unit vectors such that ( Zp,Tn) = || 7 || = 1 and

| Tizm — Ai ||— 0 1 (m — o), ¢ = 1,...,m.
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By Schwarz inequality,
| (T = AD)zm || 2 K (T = XD)Zm, 2m)| = [ Ty T ) — Al

Therefore,

B i @) 32X == . X = (AygiosAm) € WinlT):

O
Recall that the boundary points of the joint spectrum are contained in
the joint approximate point spectrum. Consequently, the joint spectrum

is contained in the closure of the joint numerical range.

The following theorem by A. T. Dash is important for the next theorem.
See [23] for its proof.

Theorem 4.3.7

Let T = (Ty, ..., T,,) be a commuting m-tuple on X. Then

1. A= (M1, .., \n) € o _(T) if and only if there exists a sequence {z,}

of unit vectors in X with x,, — 0 weakly such that
W(Ts = Xi)xm ||— 0 as m — oo, for each i, 1 <i < m.

2. A= (Ay,..., \n) € o) (T) if and only if there exists a sequence {,,}

of unit vectors in X with x,, — 0 weakly such that

| (TF = Az ||— 0 asm — oo, for each i, 1 <i < m.

Moreover, the sequence {z,,} can be chosen orthonormal.

,f MASENC. - :NIVERSITY
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Theorem 4.3.8
The joint essential spectrum o, (T') of the operator T = (T, ...,T},) is

contained in the joint essential numerical range W, (T) of the operator

T =(T,...Tp).

PROOF. By letting A = (Ay,..., \,) € o, (T), it should be shown that
A= (A1, ..., Am) € W, (T). Dash defines the joint essential spectrum as

e (T) = o- (T) U e (T).

€m

Suppose A = (A1,...,A\p,) € o} (T) then from Theorem 4.3.7 there is a
sequence (T,,) of unit vectors in X such that || (T; — \;I)z,, |— 0 Vi =
1,...,m as T, — 0 weakly.

Now, by Schwarz inequality,

| {(T; = MiD)&m, ) | < || (Ti = M) ||— OV i=1,...,m.

Therefore, (T;xpm, Tpy) — \Vi=1,...,m.

Hence A = Ay, ..., Am € W, (T).

Likewise, let A = (Ay, ..., Am) € o7 (T) then X\* = (A}, ..., An) € ol (T™).
This gives A = (Ay,..., ) € W, (T*) = [W,, (T)]* (the complex
conjugate of W, (7)) and again A = (Ay, ..., \p) € W, (T). O




Chapter 5

Summary and

Recommendation

5.1 Summary "

In this section the main results of the study are highlighted basing on
the objectives of the study. Our objéctives were to determine whether

|44

€m

(T)is a compéet convex’set‘; to investigate whether m is always
star-shaped with elements in We,.(T) as star centers and finally to investi-
gate whether o, (T) C W, (T). We therefore state that these objectives
were achieved. It was shown in section 4.2 that the closure of the joint
numerical range is star-shaped with the elements of the joint essential nu-
merical .range as star centers of this closure. We also, in this same section,
showed that the joint essential numerical range is nonempty, compact and
convex. Section 4.3 contains the other main reéult that the joint essential
spectrum of an operator is contained in the joint essential numerical range
of the operator. This was proved by looking at the boundary of the joint

spectrum of 7'

56
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5.2 Recommendation.

This study has clearly shown that the study of the joint essential numer-
ical ranges is still an interesting and active area to be researched on in
pure mathematics. Although we have investigated several properties of
the numerical ranges for the joint essential numerical range, there is still a
lot that needs be investigated. We therefore invite researchers to investi-
gate several other properties of the joint essential numerical range. There
is also need for investigation on whether the knowledge of the joint essen-
tial numerical range can be applied to various areas such as C*-algebras,
iterations methods, Krein spacé operators, factorisation of matrix poly-
nomials and dilation theory which all constitute an active field of research

in operator theory.




